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Anomalous electron trajectory in topological insulators
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We present a general theory about electron orbital motions in topological insulators. An in-plane electric
field drives spin-up and spin-down electrons bending to opposite directions, and skipping orbital motions, a

counterpart of the integer quantum Hall effect, are formed near the boundary of the sample. The accompanying
Zitterbewegung can be found and controlled by tuning external electric fields. Ultrafast flipping electron spin
leads to a quantum side jump in the topological insulator, and a snake-orbit motion in two-dimensional electron
gas with spin-orbit interactions. This feature provides a way to control electron orbital motion by manipulating

electron spin.
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The time-reversal invariant topological insulator (TI) is
a new state of quantum matter possessing insulating bulk
and metallic edge or surface states, which show a linear
massless Dirac dispersion.!”> TIs are distinguished from a
normal band insulator by a nontrivial topological invariant
Z, characterizing its band structure. The quantum spin Hall
effect was proposed in graphene® and HgTe quantum wells.*
The existence of edge and surface states was confirmed by a
recent experiment in HgTe quantum wells® and angle-resolved
photoemission spectroscopy experiments.%’ Due to its unique
band structure, TI is a good testbed for observing relativistic
effects, predicted by the Dirac equation, as, for instance, the
Klein’s paradox and Zitterbewegung (ZB).

So far, most previous works in the rapidly growing field
of TIs focused on exploring new TIs and their transport and
magnetic properties. Relatively, electron dynamics in TIs is
unexplored. In this Rapid Communication we show that the
quantum spin Hall effect and quantum anomalous Hall effect®
can be understood from anomalous electron orbital motions in
TIs. These anomalous electron orbital motions in topological
insulators naturally give a clear picture about the origin of
the edge states, a counterpart of the skipping orbital motion
in the integer quantum Hall effect. By applying a series of
magnetic field pulses to flip electron spin quickly, a quantum
side-jump behavior and a snake-orbit motion can be found for
electrons in TIs and normal 2DEG with spin-orbit interactions
(SOIs), respectively. The trembling motion, i.e., the ZB, can
be controlled by changing an in-plane electric field and the
initial momentum of the electron wave packet.

We consider the single-particle Hamiltonian of the electron
at a low-energy regime in the presence of a uniform electric
field E,

H = Hy(k) + V(r)
3
=e()l + Y _d(k)o; — eE - r, (1)

i=I

where o; (i = 1,2,3) is the Pauli matrix and €(k) is the kinetic
energy. The different forms of d; can be used to describe
the various important systems: (1) two-dimensional electron
gas with Rashba and Dresselhaus SOIs with d) = —ak, —
Bky, dY = ak, + Bk, dJ = 0, where « and B describe the
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strengths of Rashba and Dresselhaus SOIs, respectively;’
(2) single layer graphene with d? = vphky, dg = vrhk,,
dj = 0;'% (3) bilayer graphene with d{ = —h*(k? — k2)/2m,
dY = —h*k,ky/m, d2 = 0;'° (4) two-dimensional TI HgTe
quantum wells with an inverted band structure with df =
Ak,, dg = Ak,, dg = M — Bk*;* and (5) three-dimensional
TIs, e.g., Bi;Se; and Bi,Te;, whose Hamiltonian would be
extended to H =Y _d) (k)o, ® 0, — eE - r, in which
00 = by, and df, = e(k), dS; = M(k), d5 = Ak, d°, =
Asky, dY; = Ask, while other dgv’s are zero.!l'12

In the absence of a uniform electric field, the electron
position operator ygy(#) evolving with the time ¢ can be
obtained as

i Hi/h =i Hi/h

ya(t) = ye
(it/n)?

2!
=0+ Grme + 3, @)
n=1 :

y(0) + (it /R)[H,y] +

(H,[H y]]+---

where € = [e,y] = —idy,€, D° =), dYo;, Ti = [D°,y] =
Y ;dioj =D, Ty =[D°,D’] =}, . d)d}[0i,0/], ..., the
nth commutator T,= [D°,T,_1]. Generally, the analytical
expression of the above summation is very difficult to obtain
because the number of commutators increases hierarchically
with increasing the order n.

Interestingly, the equivalence between the commutation
relationship [0;,0;] = 2i¢; ;0% and the vector cross production
(A x B), =¢;jxA;Bje; (Ref. 13) offers us a way to solve
this problem. In the absence of an external electric field, the
commutation between the spin operators is converted into the
vector product between them. We can transfer the algebra
summation in Eq. (2) into the summations of the vector
series Tp,+1(T>,) (n = 1,2, ...) by utilizing the equivalence
between the commutator [D°,7,] and the vector product
DY x T,, T, =[Dy,T,_1]1 ~ 2i(D° x T,_;). One can see
that the vectors T, and T,+; (n =0,1,2,...) point along
the orthogonal directions while the lengths of the vectors 7},
vary with an increase of the order n as T»,, ;| = —|2D°|*T5,_1,
where | Do| = [Y;_,(d")?]"/2. This character allows us to get
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the analytical expression for the electron position operator,

0=y + L (e 41—
Ya(t) =Yy 7 1 1DO2

I 21D°t /1) — 1
+W[COS( |D"|t/h) — 1]

+

113 .
Ik [sin(2| D°|¢ /). A3)
This analytical expression consists of the initial position
(the first term), the propagating term (the second term),
and the Zitterbewegung term (the last two terms). This ZB
term describes the rapid trembling motion which has no the
classical correspondences. ZB, a novel relativistic quantum
orbital motion, is an inherent hallmark of the Dirac equation,
first predicted by Schrodinger in 1930.'* This rapid quivering
motion of the electron arises from the superposition between
the positive- and negative-energy part of the spinor states and
could be a possible origin of the electron spin.'> Although
there are many proposals about the observation of the ZB
in a two-dimensional electron gas (2DEG) with SOIs,>!®
graphene,'” a Cooper pair in superconductors,'”'® and general
theoretical analysis,'” this phenomenon has only been ob-
served experimentally in the trapped ion**->? and cold atom?3
systems. However, this prediction still needs to be observed
for electrons in free space; this is because the ZB displays an
extremely high frequency, w; = 2moc*/h ~ 1.5 x 10*! Hz,
and a tiny amplitude, Az = h/moc = 3.9 x 10~ nm (my is
the electron mass). The detection of the oscillation with such
a high frequency and negligibly small amplitude is beyond the
reach of the present-day experimental technique.

It is natural to imagine that the frequency of the ZB
should be decreased when the energy gap decreases.
TI could be a good testbed to observe the ZB due
to its narrow bulk gap, which ranges from 10 meV
to 0.3 eV. The expression of ZB [see Eq. (3)] agrees
exactly with previous theoretical works for various
systems. For a 2DEG with Rashba and Dresselhaus SOIs,’
e + Ty = —ih*k,/m — i(ao, — Boy), Tr = (& — pHk,0.,

T = (a? — ﬁz)(kxay —kyo )X, where Y =alko, +
kyoy) + Blkioy + kyoy),  |D°| = (& + BHK* + dapk.k,y.
For a single layer graphene,'’ ¢’ 4 T} = —ihvro,,

T, = ?vp’kyo,, T = vk, (keoy — kyoy), |D°| = vphk.
The two-dimensional TI HgTe quantum wells with an
inverted band structure,* €’ + T} = —i(2Dk, + Ao,),
T, = —2A(M — Bk*)o, +2A%k,0,, T3 = 4i{A’kkyo, —
[A(M — Bk*)*+A%k*loy+ A2 (M — Bk»kyo} [see Fig. 1(a)].
The second term, €’ + T, — T3/|D°|?, represents the classical
uniform rectilinear motion, and the third and the fourth terms
T, and T3 describe the ZB with an oscillating frequency
2|D°|/h. The trembling frequency is determined by the
strength of the spin-orbit interaction of the interband
coupling d,-o. For all of the above examples, these agreements
demonstrate the validity of the diagram technique developed
by us.

In two-terminal transport experiments, an external voltage
is applied between the source and drain, generating an in-plane
electric field. In the presence of a uniform in-plane electric
field, it is difficult to get the analytical expression of the
electron position operator as discussed above. Instead, we can
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FIG. 1. (Color online) Schematic of electron orbital motion in
a HgTe quantum well with an inverted band without and with an
in-plane driving electric field [(a) and (b)]. The orbital motion can be
detected by the optical technique, e.g., the NSOM at the microwave
frequency regime.

calculate the electron position r(¢) based on the equation of mo-
tion iAir = [r, H]. We consider a two-dimensional topological
insulator, a HgTe quantum well with an inverted band structure
described by the Bernevig-Hughes-Zhang (BHZ) model.* The
single-particle effective Hamiltonian for the electron is

H(k)y, = Ho(k)py + V(xi), 4)

where Hy(k)y, = C— Dk> &+ Ak,0* +Akyo? +(M — Bk*)o?,
V(x) = —€eE -ro*. A, B, C, D, and M are the parame-
ters determined by the thickness of the quantum well.?*
Consider an electron inj_e)ctid in thj Gaussian wave packet
9(r) = 3= [ dPke K=K 2eTET 1) with the spatial
width (Ax)?> = (Ay)*> =d?/2 and spin pointing along the
z axis, perpendicular to the quantum well plane. The
guiding center of the wave packet (ygy(#)) can be calcu-
lated numerically by the Heisenberg equation of motion
d(yu(t))/dt = (ih)~' ([yu(t),H]). From the numerical re-
sults (the red and blue curves in Fig. 2), the spin-up and
spin-down electrons driven by an in-plane electric field E,
bend to the opposite direction along the y axis, accompanied
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FIG. 2. (Color online) The trajectories of spin-up (the red and
green curves) and spin-down (the blue and purple curves) electrons
incident with an initial momenta k., = 0.001 nm~!, and the electric
field E, = 10 V/cm. The red and blue (green and purple) curves
denote the numerical (analytical) results. The parameters used in the
calculation are adopted from Ref. 24. The inset shows the amplitude
of the transverse ZB, yZB, as a function of the bulk gap of the HgTe
quantum well (QW), |M|.
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by a trembling behavior, i.e., the ZB. Notice that the electron
energy (E) =C+ M — (B + D)/d2 — (B + D)k(z) locates in
the bulk gap, which is the important difference from the spin
Hall effect in a conventional 2DEG and/or metal with SOIs.
In order to understand this surprising feature, we analyze the
equation of motion utilizing the adiabatic approximation, i.e.,
separating the fast trembling motion and slow orbital motion
¥ty = YT + y77.2% First we perform a unitary transforma-
tion U(k) to diagonalize the Hamiltonian Hy(k), i.e., Hy =
U(k)y, Ho(k)y U Jf(k)T - The potentlal term becomes V (D),
where the covariant derivative D; = PO, — A;, and A; (k) =
U k)4, 0, UT(k)p ) - Uk)y lUZUT(k)T | behaves as a gauge
ﬁeld. Adopting the adiabatic approximation, i.e., neglect-
ing the off-diagonal matrix elements of A;, the resulting
gauge field A; only contains a diagonal matrix which gives
a nonzero associated field strength F;; =i[D;,D;], where
x; > D; =id, — A;, and then the effective Hamiltonian

becomes
H' = Hy(k) — e Y EiD;4). ©)
i=x,y
where Hy(k) = C — Dk* — \/A2k? + (M — Bk*)2o* for both

spin-up (down) states. The nontrivial property of the Hamilto-
nian is revealed through the nontrivial commutation relations
[ki,kj] = O, [Di,kj] = i8,-j, [D,',Dj] = ,J, and the effec-
tive “Lorentz forces” in momentum space felt by spin-up or
spin-down electrons is

A%2(M? — B%k%)
2[A%k? + (M — Bk?)?]?’

The equation of motion for the spin-up and spin-down
electrons can be written as

Xpy = uy £ |Foy &y,

yTlZMyZF|ny|km 6)
ki = kio + AeE;t/h,

Foy(k)py = £

where u; represents the usual group velocity dHy/dk;, and
X = %1 stands for the negative (positive) branch of the energy
spectrum. When ko = 0, the orbital trajectory of a spin-up or
spin-down electron at small & is'?

A?
WY = Faypke + 00, @)

Clearly, one can see that the spin-up and spin-down
electrons feel an opposite force Fyy (k)4 , respectively, which
pushes them against the opposite direction. The trajectories
are obtained from Eq. (7), which neglects the fast trembling
motion by the adiabatic approximation. The analytical expres-
sion for the trembling motion, i.e., the ZB, at small k can also
be obtained: '3

A% ¢E Ae(t)
7B X
- :i: n t 8
It 2M? Ae(t) ! ( h ) ’ ®

where Ae(r) = 2/A2k2 + (M — Bk2)? = 2|M| + O(k?). At
small in-plane momentum k, the kinetic energy can be
neglected, and the frequency of amplitude of the ZB is
determined by M, the gap of the HgTe QW which can be
tuned by the thickness of the QW. The total electron trajectories
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FIG. 3. (Color online) The trajectories of spin-up (red) and spin-
down (blue) incident electrons under a uniform electric field. The
in-plane electric field £ = 10 V cm™!. The electron injected into
a HgTe quantum well (M = —10 meV) (a) has a initial incident
momentum k., = O for the solid curves and k.o = 0.001 nm~! for the
dashed curves. (b) The same as (a), but with a hard-wall boundary (the
shaded regions). The inset amplifies the trajectory near the boundary,
showing the skipping orbital motion. (c), (d) The same as (a) and (b),
butin a conventional GaAs 2DEG with a Rashba spin-orbit interaction
(e = 10 meV nm taken from Ref. 4). The solid and dashed curves
correspond to k.o = 0 and &,y = 0.01 nm~!, respectively.

orb

Y =Y5 T vz i B obtained from Egs. (7) and (8) agree well
with the numerlcal results for spin-up and spin-down electron
incident cases (see Fig. 2). The inset in Fig. 2 shows that
the amplitude of the ZB increases rapidly with decreasing the
gap |M| of the HgTe QW with an inverted band, and a linear
dependence on the strength of the in-plane electric field E,.
For example, the amplitude of the ZB is about 21.2 A when
M =25 meV and E, = 10 V cm™~!, which are within the
reach of the state-of-art experimental techniques. By adjusting
the electric fields E, and the bulk gap of HgTe QWs, one can
tune the amplitude of the ZB significantly [see Fig. 3(a) and
make it possible to observe it in TIs.

For the realistic experimental sample, we need to consider
the boundary effect, for instance, a spin Hall bar with a finite
width. The spin-up and spin-down electrons will bend to the
opposite edges. Figure 3(b) shows clearly that spin-up and
spin-down edge states appear near the opposite boundaries of
the sample (the shaded regions). From the inset, one can see
the skipping orbital motion of electrons in the edge states,
since electrons bending to the edges will be bounced back
when they hit the hard-wall boundary,”’ and pushed to the
boundary again by the driving force (or the effective “Lorentz”
force) Fy,(k)4,. This is a counterpart of the skipping orbital
motion in the integer quantum Hall effect, but spin-up and spin-
down electrons feel the opposite effective “Lorentz” forces,
while in a normal 2DEG with SOIs, spin-up and spin-down
electrons show a ballistic side jump in opposite directions,
which was already found before,'® but no edge states can
be found near the sample boundary. Instead, electrons will
oscillate between the opposite boundaries [see Figs. 3(c)
and 3(d)].
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FIG. 4. (Color online) The trajectories of a initial spin-up electron
driven by a uniform electric field in HgTe QW (a) and a GaAs 2DEG
with SOIs (b). The red and blue curves denote the spin-up and spin-
down electrons, respectively. The electron spin is flipped periodically
at a time interval ¢ = 2 ps. (c), (d) The same as (a) and (b), but for a
realistic case: a series of square-shaped magnetic field pulses with the
magnitude By = 1 T. The parameters are the same as those in Fig. 3,
ko = 0.

Similarly, the quantum anomalous spin Hall effect might
be also understood from the electron dynamics in TIs. Consid-
ering a ferromagnetic TI, a giant Zeeman splitting results in
a spin-up inverted and a spin-down normal band structure;
we assume these magnetic ions are polarized along the
z axis. This situation corresponds to the BHZ Hamiltonian with
positive and negative M for spin-up and spin-down electrons,
respectively. From the above discussions, the spin-up (down)
electrons show a normal oscillating (bending) trajectory (see
Fig. 3). Therefore, the edge states only appear for spin-
down electrons, i.e., the quantum anomalous spin Hall effect.
Similar behavior can also be found in three-dimensional (3D)
topological insulators, because the form of the Hamiltonian of
3D TI is almost the same as that of 2D TI. Therefore one can
expect that the bending trajectory of electrons in 3D TIs will
lead to topological surface states.

In a spin-orbit system, usually electron spin can be
manipulated by controlling its orbital motion, such as a spin
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transistor.”® And vice versa, it is also possible to control
electron orbital motion by manipulating electron spin. In
a 2D TI, e.g.,, a 2DEG in a HgTe QW with an inverted
band structure, electron spin flipping leads to an interesting
quantum side jump [see Fig. 4(a)], which is the manifestation
of the spin-dependent ZB and is caused by the spin-dependent
driving force, while in the 2DEG with SOlIs, an interesting
snake-orbit motion can be found [see Fig. 4(b)]. This ultrafast
spin flipping process can be achieved by applying a series
of specifically shaped magnetic field pulses [see the insets
in Figs. 4(c) and 4(d)], which was used to flip the magne-
tization of the magnetic random access memory devices.”
The width of the magnetic field pulses is determined by the
magnitudes of the magnetic field pulses By, and usually it will
take a longer (shorter) time to flip electron spins for a weak
(strong) magnetic field By.

Finally, we comment on how to detect these interesting
orbital motions experimentally. We propose a near-field scan-
ning optical microscope (NSOM) technique in the microwave
or THz regime to detect the edge states, ZB, quantum side
jump, and snake-orbit motions. The NSOM technique breaks
the far field resolution limit by exploiting the properties of
evanescent waves. With this technique, the resolution of the
image is limited by the size of the detector aperture and not
by the wavelength of the illuminating light. A spatial lateral
resolution of the NSOM can approach 20 nm.** A microwave
light beam is applied at a specific spatial position through a
NSOM [see Fig. 1(b)], and the absorption of the microwave
beam changes when electrons pass below. This experimental
technique was used very recently to detect the topological edge
states in a HgTe QW.

In summary, we give an intuitive physical picture about
the dynamical origin of the edge states in TIs, a skipping
orbit motion. By flipping the electron spin quickly, one can
efficiently control the electron orbital motion. An interesting
quantum side jump and snake-orbital motion can be found in
the TIs and 2DEGs with SOIs. This feature provides a way to
control electron orbital motion by manipulating the electron
spin.
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