SUPPLEMENTAL MATERIAL FOR “THE ULTRA-CRITICAL FLOQUET NON-FERMI LIQUID”

Appendix A: Derivation of the electron collision integral

This section presents a detailed derivation of the electron collision integral, employing a formalism that combines
fermionic and bosonic degrees of freedom from Ref.[13]. The full system contains fermionic and bosonic degrees of
freedom. Fermionic creation and annihilation operators have the standard anticommutation relations:

{0, a5} =00, {al,al} =0, {aa,a5} =0 (A-1)

Here, @ and § denote labels of fermionic states. The bosonic subsystem (i.e., the bath) is comprised of a collection
of independent bosonic modes, labeled by ¢. Boson creation and annihilation operators follow the standard bosonic
commutation relations:

B bl] = dags [BB0] =0, [bpby] =0 (A-2)

q’7q

The analysis of Ref. [13], employs the concept of partial traces. The trace over the full many body Hilbert space
can be split as Tr = Tr.Try,, where Tr, and Try, are partial traces over fermionic and bosonic degrees of freedom,
respectively. We will further need to decompose the traces over bosonic degrees of freedom as follows: Try = TryTry,

Tryl = Trngrg’q,, where Tr"%* denotes the trace over bosonic modes excluding (q1,qz .. .).
We begin by defining a one-electron density matrix (DM) nfY 5» Which acts non-trivially as an operator on the bosonic
degrees of freedom:
nt; = Tre [nt&:gdv] (A-3)

The more standard one-body electronic density matrix p,s can be obtained by tracing the above nfyé over bosonic
degrees of freedom, namely:

prs = Tyl (A-4)

The equation of motion (EoM) for n! s can be derived as follows (see also Ref. [13]):

ihoiit 5 = Tr, {[ﬁr(t), m]a}av}

A . A “ . ot nd A-5
= S(t)vnt]'ﬂ? + [HB’nfyé] + Z[quq + h.c.,nt},ﬂ; + [Trc‘(aia:ganawnt)v Zanbq + h.cl], (4-5)
a a
where H (t) is defined in the main text. This leads to the EoM for the fermionic DM:
Bonpls + (1), '] =~ ( 3 [Rab + hecanl]ys) = Toglt (1) (A6)
q

We note that the term proportional to Hp vanishes due to the trace permutation property. Additionally, the term
arising to the last term in Eq. (A-5) vanishes since by has no matrix structure in the fermionic subspace. We recognize
the right-hand side of Eq. (A-6) as the collision integral. Our goal is to eliminate n’ from Eq. (A-6) using Eq. (A-5),
in order to obtain a self-consistent equation that involves only the standard one-body electronic density matrix p.s.

To proceed with the elimination of n! from Eq. (A-6), we begin by decomposing the trace over bosonic modes. We
introduce the quantity 7@ = Tri[!], which serves as a fundamental component for constructing the full bosonic
trace in the collision integral from Eq. (A-6). The equation of motion for matrix elements of 72*(4) can be derived as
follows (see Ref. [13]):

ihOA!AD = [Hs(t) + hwgblbg, D)5 + [Rgbg + hcey AP @]
(A-7)
a#q’

We now employ the assumption of weak coupling between fermions and the bosonic bath. As we can see from Eq. (A-6),
to evaluate the collision integral up to the order x2, 7*(?) has to be solved only in the linear order in §. Thus, it is useful
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(q) ~ (q) —(q)
75 75 )

is the solution for #t at zero coupling ¥ = 0. The scaling with { of 7(9) is expected to have the following

to split 2! into terms that are order zero in ¥ and terms that vanish when ¥ — 0, by introducing & R,

=(q) -
where n.g

structure:

A _ (PQ) ~ Xq _ (p(@) 0 U
~ )2:; Thermal Bosons 0 Thermal Bosons ~xb o0 (A-8)

A@ fiq

It can be shown that the coupling-less component of #i* obeys the following EoMs:
ihoenls® = [Hs(t) + hwgblbg, 2],

A / A ALA AL A / (A-g)
iRl T) = [Hs(t) + hwghlby + hwg bl by, (@ 1)] 5

Note that ah(@4) = Trg’q/ [2!] has a diagonal structure in both ¢ and ¢’ modes, implying that the commutator
proportional to 37 [...] in Eq. (A-7) vanishes (is of higher order in ¥4). Thus we find the effective EoM for nfy’éq) as:

ihonls? = [Hs(t) + hw, 8*8 (D] s + [Rgbg + hec., ﬁ“q)
[ s(t) q ]5 [Xq hs (A-10)

This equation forms the basis for further analysis of the electron collision integral, taking into account the weak
coupling approximation and the structure of the bosonic and fermionic subspaces.

1. Approximation of the four-fermion trace

This subsection presents an approximation for the four-fermion trace gw’( )= TrbTre(aT a:ganaynt) to the zeroth
order in Y. The fermionic commutation relations imply the following index permutation properties for §:

AUt Am0,t Anu,t ~AY0,t
Insa) = Jyw(@) = "Irei(e) = " Inwila)” (A-11)

We employ an approximation proposed by Vasko and Raichev [13], which is similar to a time-dependent Hartree-Fock
decomposition:

Ayt ~ "TA ~ A nf}’£q)pn6 fy(gq)pi]u + [(77 V) < (777 6)] (A_12)

Ins,(q 2 ’

This approximation is justified by the fact that both the exact quantity and the right-hand side of Eq. (A-12) obey
the same equations of motion (EoMs) in the limit {4, — 0 [13]. To illustrate the self-consistency of this approximation,
we compare the exact evolution of §:

ihohg)y s = TriTre(afalanay [H(t), 7)) = TedTre (@) afanay [Hs(8) + > hwgbl by, i)
q (A-13)
- Hgﬁ(t) ww@gg’(tq) B 6”59:137(;) + 5’70‘%;:(2) 5559% (q)) + fuw [B b ’9357€q)};
with the approximated EoM:
oG = (ihDs ) pls + Al (ihdspls) — (ihD 5 )pl, — W (i) + [(1,v) < (1, 6)]
= [Hs(t), 0" D]y, pl5 — [Hs (), 2" D]y505, + 05D [Hg (1), p'ns

= 05V [Hs (8), Pl + B [Bibg, 515001+ [(,) > (1, 0)] (A-14)
a ~av,t ) AyV,t v,t a Aot AyU,t
= HY" (095 = HE (D53 g) + 9250 HE" (8) = 9751 HE" (1) + hewg[blbg, G750, )

_ ~But s A~ Ayt
= HS" (1) (50l (q) — 9600 (e + Oamdls (a) — O5vdns.iey) + heva [Bba ) <q>]’

where we have utilized the EoMs from Egs. (A-9) and (A-6) in the limit x4, — 0. The evolution of the approximation
is consistent with the exact evolution in Eq. (A-13), validating the approximation’s applicability in this context.



2. Continuing the collision integral derivation

This subsection starts with the evaluation of &, which is essential for computing the collision integral to the desired
order. Utilizing Eqs. (A-7), (A-9) and the definition of & [see text above Eq. (A-8)], we derive the equation governing
the evolution of &:

ORI = [Hs(t) + wgblbg, A D)5 + [Rgby + hoc., i) 5 + 307 () Kby + h.c.] (A-15)

776

Here, g is a function of the equilibrium distribution n and electron density matrix p as defined in Eq. (A-12). The
evolution of p, as shown in Eq. (A-6), can be simplified to:

ihduplys = [Hs(6), 7's + D TralRaby + hecey 5] 5 (A-16)
q

This simplification arises from the fact that the bosonic equilibrium occupation function n = Ny (bh) is quadratic in b,
causing the corresponding trace term to vanish.
We now arrive at a complete set of equations sufficient to determine the collision integral:

ihouns? = [Hs(t) + hwgbibg, 1 @],5 + O(R). (A-17)

ihD, 5\ = [Hs () + hwgblbg, & D]ys + [Rgby + heco, ™ D]ys + G140 | Kby + . c} +0(%?), (A-18)

hatﬁzyé + i[ﬁs(t), Pllys = —i Z Trq[)%qaq + h.c., "%t’(q)}wé +O(¥°) = Zyslt, p(1))- (A-19)
q

By employing the electronic evolution operator [see Eq. (3) of the main text] and transitioning to the interaction

picture using the unitary transformation o, = Us(t,t )e*i‘*’qi’y’q(t*to)7 we can solve Eq. (A-18) to obtain:
¢
b)) _ 1 1, 7 2y’ ~88 o JOR 4 8
Fag = ih/to 4 (ut'?zqﬂxqbﬁh'c"" DL, gy + U0 [ $700 + hoe |2, ) (A-20)

where nt(9) = LAIt’tO,( ) 7(4)L{t to.(q)> Which is the solution of Eq. (A-17). Eq. (A-20) defines « as a function of p.

The final step in deriving the kinetic equation is to substitute Eq. (A-20) into Eq. (A-19) and compute the partial
traces of the collision integral:

Zyslt, p(t)] = *lZTrq Xqbq + qu]L hla )}’yé = *iz ([XQ7 Trq{bq’ity(q)} + [X(ng Trq{blfft’((”)}])w (A-21)

q q

and we note that Z.s[t, p(t)] = IVR[ ()] + O(). In the subsequent steps, we utilize the following relations:

- 1
At — p ® nt (q) ﬁZ’(q) _ 7676wqb;bq’ (A-22)
Zy
according to the definition from Eq. (A-8), and using the fact that Try = Z::O (ngl ... |ng), we then compute the
summation over n, (not ¢) using the following identities:

e~ Bwanyg 1 el e~ Bwang eBwq

an = =1 Do > (ng+1) Z, = =g Natl (A-23)

nqe=0 nqe=0

where Z, = e/“/(ef¥s — 1) and (N, + 1)e ?“s = N,. After performing all these summations, we derive the more
general version of the collision integral as ZVR[t, (¢ )] = I.[t, p(t)] + I4[t, p(t)], where the emission component is:

(1)) = Z/t dt'(Ny + 1) (e”q(“') [Us(t,t’)[(l — bt + pt'Tr{pt'xZ}]Us(tﬁt),Xq] -
q vt (A-24)

elet=0) [US(t» )" xq(1 — p*') + p! Tr{p! x NUs (¥, 1), Xﬂ ) ’
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and the absorption component is:

t
Jwﬂm—Z[wW4wN“hMWM1ﬁuw+ﬁﬂwmwm&md
’ (A-25)

et U (4, 8) [\ (1= o) + o Tl XENUS (1), x4 > :
These equations provide a comprehensive description of the electron-boson collision integral and are identical to those

derived by Vasko and Raichev in Ref.[13].
If we further impose translation invariance, i.e.,

(Klplk") = O fur  (klXq|E") o< Ok prtohs (A-26)

where the label for boson modes are ¢ = (r, \) with A labels the different boson modes coupled to each site, ky is the
momentum for A mode, fj represents the occupation number for momentum k, the trace Tr{px,} is proportional to
the identity matrix in momentum space that couples to the global particle number V:

Tr{pxg} = Y _(kloxglk) = fulklxqglk) o< Sony Y fr = Som N, (A-27)
% p K

The collision integrals contain commutators of the following form vanishes:

0, when k) # 0 since Tr{px,} =0

. . . . (A-28)
0, when k) = 0 since both Tr{px,} and x,  identity matrix

[Us(t,t’)pt'Tr{pt'xq}Us(t’af)vx«ﬂ = {

Therefore, all terms proportional to Tr{px,} in the collision integrals in Eqgs. (A-24) and (A-25) can be neglected.
This allows us reduce the collision integrals to:

t
(6] =3 /t at' (N + e [Us(1,)[(1 = )bt s (E, 1), x4 + hec, (A-29)
0
t
_ Z/ dt/quiwq(t—t’) [Us(t,t’)[(l - pt')xqpt/]Us(tQt),XH + h.c. (A-30)
q “to

In the main text we only display the emission component of the collision integral, as the absorption component can be
obtained from the emission component by replacing Ny +1 — Ny, wq — —wg, X — .

Appendix B: Electron-boson collision integral for Floquet systems

This section applies the kinetic equation derived for Floquet systems. We adopt the following convention for the
Floquet expansion and Fourier transformations:

= [agoe, 10 = [ GEe ), S0 =1+ 1) = 3 e (B-1)

This allows us to express the evolution operator using the Floquet theorem:

iho,Us(t,t0) = Hs(D)Us(t, 1), Us(t,t') Z () (r(E)],  [n()) = D eTHEHD gy ) (B-2)

l

where 2 = 27 /T is the frequency of the drive Hg(t) = Hg(t + T) and €l is the system’s Floquet energy. Now, let us
further specialize to case of the single-band system:

Us( Zze iep (t—t")—ilQt+il’ Qt’ @kl(ﬂk v ‘k , p _katlk (B-3)

ko
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the reduced single-band Floquet-Boltzmann equation can be obtained by computing 0 fr: = (k| J.[t, p]|k) +
(k| Jalt, p] |k). Using Egs. (A-29), (B-3), we derive:

<k|_[ tp |k’ Z Z/ dt N +1 —iwg(t—t')—il1 Qt+ilo Qt’ —’ngQt +ilaQt
l1l2l3ly K \q

. F F ’
X [‘Pk,ll‘Pltl,lz‘ﬁk/,l3<?lt',l4e1(% ) T g 1) (L= frw) frorwr (B-4)
- F F ’
- @k/,ll<P2f71290k,13¢2,1462(6’° ~) O (e xg [K) [P(L = frrer) frow | + hece

The time integration can be performed assuming that the interaction with the bath started in the distant past, and the
system has reached a steady state with respect to its interaction with the bath, without retaining its initial information.

This allows us to extend the lower limit of integration to negative infinity ft dt' — f dt’e and express fiy into
Floquet expansion:

(k| I.]t, p] |k) = Z Z (N, + 1)e~i(li—laHla—latls+l)0t
L ds kg

{ Pt O 1,0k 1P 13| (B Xq 1B |2 Frts frts PR L Pk 1, Phls P | (Bl X K I Firis Frts (t')} L
i(wg+(l—l3—1s—1g)Q+ef —eb)+n  i(wg—e€f +ef +(la—1l5—15—16)Q) +7 ’

(B-5)

where we used the compact notation fk,t = 1— fi+, with the Floquet modes fzk = 40 — fi,5- By projecting the
Boltzmann equation onto Floquet mode [, we can compactly write the complete Floquet-Boltzmann equation as:

* . */ k/ sk 2 r .
—ilQfr = Z Z ZNS(;Z Is—1I [ (‘Pk,ll‘pk,b@k AP 1| K X 1R) |2 Fits frertg —(k<—>k’)}+

Li—latls—la | 5
P Mt 1=lotls=ls sgnswg + (lo —l3 — U5 — lg)Q+ el —eb)) + 1

(B-6)

) * ' 0k, k/ sk 27 i
Z Z ZNS(SZZ _ll;_,l_(l) l4[ QO-kJ Pl 1, Pk 13 Pk ,l4‘< |Xq| I>:| fkll;,fk ls (k k/):|
s=e,aly...lg k',q ' . _Z(Sgnswq+(l2 _l3+l)Q+€k _€k/)+77

Here Nj = N, + 1, Ny = Ny, the sign in the denominator sgn. = 1,sgn, = —1 and 8% = d4p is the Kronecker delta.
Importantly, the right-hand side of Eq. (B-6) is of order 2. This implies that in the limit of zero coupling to the bath
X — 0, all oscillating components (I # 0) of fi; vanish, and the system’s state is defined by the self-consistent solution
of the Floquet-Boltzmann equation for the mode [ = 0. Consequently, the solution of the driven Boltzmann equation
with weak coupling to the bath is time-independent. The corresponding static emission component of the collision
integral is (here fro0 = fx):

<k|I Z Z ZN +1§ll+ls,lz+l4

k' lilal3ly q

Phts Pty P01 Phr 1| (KX [B) P = fi) i o P, Phta Pl (Kl xq [K) P = fi) fi
i(wg + el — el + 1O —13Q) +1 i(wg — el + el + 19— 13Q) +1

(B-7)
+ h.c.

Focusing on the Hermitian conjugate term, after relabelling (I1,l3 <> l3,14) and using the Kronecker delta condition

ly — 11 = I3 — I3, we observe that denominators combine into delta functions as + *i;+n = 122«;7712 — 2716(x). Thus,

1x+n
by introducing the scattering matrix elements:

Wipy =21 > Y (Ng+ )61, 415,1041,0 (wq + €f, — €f + 122 — IsQRe[k, 1,05, 1,012 001, 1| (Kl Xq [F1) |- (B-8)

lil2l3ls q

the collision integral in Eq. (B-7), together with the absorption component, can be written as:

(k| Z[p)] Z Z Wi e (1= fi) = Wil £ (1 = fir)], (B-9)

s=e,a k'

which provides the Floquet-Boltzmann equation for a single-band Floquet system.
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Appendix C: Analytical analysis of non-analyticities

This section presents derivations for the scattering matrix and formal expressions for the steady-state occupation
and its derivatives. Based on these derivations, we demonstrate the prevalence of non-analyticities in the steady-state
occupation.

1. Scattering matrix element W(q — p)
We begin with the expression for the scattering matrix W.(q — p) [see Eq. (B-8)]:

We(q — p) =27 Z Re[gp%ll 410:;,[2@p,l3¢;714]611+13,l2+l4 Z[Nb()‘) + 1](5(00,\ + 65 - 65 + 120 — l3Q)| <Q| XA |p> |2
lilalsls X\

=273 > ok g D [Ne(A) + 16(wx + €f — b +19)] (gl xa Ip) %, (C-1)
[ A
in which we let I = I3 — l3. We introduce the density of states vg(e) for the bosonic bath:
= 0(e—wy). (C-2)
A
For an arbitrary function f(w)), we can use the following property:

Zf(w,\) Wy — ) 26 wy —x) = f(z)vp(z). (C-3)
A

This property can be verified by multiplying both sides by any test function g(z) and integrating over xz. Using
Egs. (C-2) and (C-3), we can reformulate the sum over A in terms of vg in Eq. (C-1):

(g —= D) Zflqp Ny(eh — e +192) + 1] x vp(eh — ) +19), (C-4)
1€Z

Wa(qg— p) = ZFl(q,p) X Nb(ef — 65 —19) x Z/B(e;;7 — 65 —19Q). (C-5)
lez

Here, T'y(q, p) is defined as:

Tu(g,p) = 27| Mi(q,p)|* D 101, o2, 414" = 27[Mi(q, p) P2, = Tu(p, ), (C-6)
lL€Z

[Mi(q,p)|> = | {al x(Jef — e +120) [p) |*. (C-7)

i

We note that W,(q¢ — p) is obtained from W,(¢ — p) by replacing Ny(A) + 1 — Np(N), wy = —wx, and xx — X).
Using the symmetry I';(g,p) = T'i(p, ¢) and observing the pattern of appearances of 65 - 65 — 12 in W,(¢ — p) and
Wa(g — p), we obtain the total scattering matrix element:

W(q — p) =We(q = p) + Walqg — p) Zqup —ep +19), (C-8)
1€z

where we define €, = 65 for conciseness, and the function S(z) as:

S(x) = [No(|z]) + O ()] v (|z])- (C-9)
In the main text, we employ a simplified bath consisting of dispersionless “Einstein” phonons for clarity. While this
simplification proves instructive, our general formalism for the scattering matrix element given by Eq. (C-8) remains

applicable to more realistic bosonic baths. For instance, when considering a physical phonon bath, one can incorporate
the appropriate boson dispersion relation and modify the fermion-boson coupling matrix y, accordingly.
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2. Formal expressions for the steady state occupation and its derivatives

In this subsection, we show formal expressions for the steady-state occupation and its derivatives. We start from the
steady-state condition [Eq. (5) in the main text]:

Z(fq q%pfp fp p*)qfq) 0, fp =1- fpv (C-lO)

q

where f,, is the occupation at momentum p, W,_,, is the scattering rate from momentum ¢ to p, and fp is the vacancy
at momentum p.

We relabel the momentum p by {e,,7,}, where ¢, is the quasi-energy and 7, is a generic parameter, which
parametrizes the equi-energy surface at €, [e.g., (6, ¢) angles in 3D]. This yields:

Et _ -
/ dg‘]%dT]Q|J5an/q‘(fgq’nqqu’nqﬁapfnpfapfnp - prmpW%mp%Eqmqfaqmq) = 0’ (C_]'l)
€b

where J._ ;. is the Jacobian for the transformation p — {e,,7,}.
We then take the n-th derivative with respect to €, on both sides, apply the general Leibniz rule, and obtain:

n 1 - = n n £l n— £
= & / de, f gl ey | 3 (k> (Fom WISy P, — A, WEH ), )
€pyMp Jep k=0
(C-12)

where the k-th derivative of a function g with respect to €, is denoted by

dg(ep)
k
9" (ep) ds,;p : (C-13)

(Z) = k,(+ik), is the binomial coefficient, and R, , represents the maximally allowed scattering rate at momentum p:

€¢ _
Rsp,np = / d5q ‘7{ dnq|qu,nq | (fsq,nq qu,nqﬂsp,np + Wsp,np%sq,nq fsq,nq) = Z (fq q—p + Wp%qfq) (C'14)
Ep

q

We further apply the general Leibniz rule on Ws[q,nf]—mp,n,, and Wg[ng]_,eqmq [see Eq. (C-8)]:

[n—k—j] ..
ff[ZWfLEMp Z Z ( ) {Fl €q> g5 Eps 77p>} o SWleq — ey +190),

1€Z j=0 (C-15)
[n—k—j] .
WE[: 771];]—>€q777q Z Z ( > |:Fl €qyMq; Eps 77;0):| S[j]({-:p —&p + ZQ)
l€Z j=0
Combining these results, we obtain:
[n] n—1ln—k €t [n—k—j]
Bov 100, =5 (1) (") [ e f [P i)
I€Z k=0 j=0 & (C-16)
X (feqmq‘g[‘( —&p +lQ)fap Np f_EqaﬁqS[‘( —&q +lQ)f6p,np)'
Finally, we can compactify the expression further and obtain:
n—1n—k
=Y / deg (B4 (e0) 50 ey — 2y 1), — BIN (2)8W (2, — 2 410071, ). (C17)
1€Z k=0 j=0
where the auxiliary functions Bl"’” ' (eq) and Bé"k,; (eq) are defined as:
Inkj _ 1 n\(n—k . [n—k—j]
Bep,np (Eq) - R k - dT"I|‘]5qv7lq‘ [Fl(efI?’r]q?EP?np)] X f5q777r17
e ’ (C-18)

" 1 n\ (n—k [n—k—j] 7
Bipknjp (6g) = 57— j %dnqueqmq‘ [Ti(eq: g3 €ps )] 7 x Jeany-
Re,m, \E J
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The calculation of derivatives is more transparent in momentum space:

n—1 {n—k} F{k} {k}yr{n—k} 7
n JdW. fr W, f
=5 () B AN gy e
P

q k=0 q

where the superscript {k} on a function denotes its k-th derivative with respect to the momentum p. The momentum-
space formulation of Eq. (C-19) offers a compact representation; however, it obscures the essential role played by S,.
In contrast, Eq. (C-17) underscores that non-analyticities arise exclusively from those present in S,, which exhibits a
sole dependence on the quasi-energy €, and remains independent of the orientation 7, characterizing the equi-energy
surface.

3. Generic analysis of non-analyticities

This subsection provides explicit calculations supporting the generic analysis of non-analyticities discussed in the
main text. Consider an integral of the form:

e) = / de'r(e,e)3(e — e + M), (C-20)
where r(g,¢’) is a continuous function. Evaluating R(e) in the vicinity of € = &5, + A yields:

Re=e,+A+0") = / de'r(ey + A+ 0%,08(e" —e, —0F) =r(ep + A+ 07,5, +07),
o (C-21)
Rle=¢ep+A—-0") = de'r(ep + A —07,e")5(e" —e, +07) =0,

€b

and

€
Rle=¢e;+A+0") = / de'r(es + A+ 01, N6(e —e, —07) =0,
- (C-22)
Rle=¢g+A—-0") = / de'r(eg + A —01,€N6(e" — et +07) =r(e, + A — 0T, e, — 07T).
€
Therefore non-analyticities manifest in R(e) near € = &5, + A when the following condition is satisfied:

R(Eb’t + A+ 0+) — R(Eb’t + A - 0+) = ir(sb,t + A, Eb,t) 75 0. (C—23)

The analysis above, combined with the expression for the n-th derivative of the occupation function in Eq. (C-17),
clarifies mathematically the origins of apparent non-analyticities or discontinuities in fg[:]np Equation (C-17), repeated
here for convenience,

n—1n—=k

1 =S [t (1 )9y 4 100, B ), 2, 10018,
€7 k=0 j=0
has a structure similar to that of R(e) in Eq. (C-20). If either SUl(e, — &, + 1Q), the j-th derivative of S with
respect to &, or fs[];]mp, the k-th derivative of f., , with respect to €,, contains a Dirac delta function, it can lead to

discontinuities in fE[Z]np. This conclusion follows the same reasoning as the one used to explain the discontinuity in
R(e) through Egs. (C-20) to (C-23). Therefore, the presence of Dirac delta functions in the derivatives of S or f. ., is

responsible for the non-analytic or discontinuous behavior of fs[:]np.

Appendix D: Analytical analysis of S function for different types of bath

In Section C, we demonstrated that the behavior of S function can lead to non-analyticities in the system’s occupation.
To support the analysis in the main text, we now perform a detailed analytical examination of the S function for the
Ohmic and gapped baths.
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1. Ohmic bath with a finite temperature

We first consider the following S function with a finite bath temperature:
S(w) = [Ny(jw]) + OW)vs(lwl), veW) = (aw + caw?)O(w), (D-1)
where Ny(w) is the Bose-Einstein distribution and ©(w) is the Heaviside step function. More explicitly,

Bw
S(w) = ay(w) + cay(W)|z|, y(w) = e;i)e_ 1 is a smooth function, y(0) =1/8. (D-2)

By taking derivatives of S(w) with respect to w, we obtain

S(w) = ery(w) + ey (W) o] + eay(w) sgn(w), (D-3)

Sl (w) = ey (W) + coyl? (W) |w| + 2coyl!] (w) sgn(w) + 2’% d(w), (D-4)

during which we used the identity y(x)d(z) = y(0)d(z). Consequently, we observe that the second-order derivative
SPl(w) is the lowest order derivative containing a Dirac delta function at finite bath temperature. According to
Eq. (C-17) and following the reasoning used to explain the discontinuity in R(¢) through Egs. (C-20) to (C-23), the
Dirac delta function in S leads to discontinuities at € in f[?! (e) of the system’s occupation function at finite bath
temperature.

As a concrete example, following Eq. (F-5) in the Appendix F, for parabolic bands in 1D and 2D, we have

S0 - f2(107) % G OHDOT 1) [F(0H) Q) — F(0F) £107)]. (D-5)

In the above equation, Q% = IQ + 0", where 0T is a positive infinitesimal, I‘f(eq, €p) is the scattering amplitude
corresponding to the scattering matrix Wiﬁﬁq =", T(eg,€p)S(€q — €p + 1), and g%(e) = €/9=2)/2 is the density of
states, both for the d-dimensional (d = 1,2) parabolic model. Since € = k?/2m for parabolic bands, the discontinuities
in the above second energy derivative f?l(e) = d?f(¢)/de* can be mapped to discontinuities in d? f(k)/dk? through
the chain rule of differentiation.

2. Ohmic bath with zero temperature

We now consider the following S function with zero bath temperature:
S(w) = OW)va(|lw]) = wd(W) + cw?O(w), V(W) = (aw + c2w?)O(w), (D-6)
where we take Np(w) = 0 in this case. By taking derivatives of S(w) with respect to w, we obtain

S (w) = ¢10(w) + 2¢,wO (w) (D-7)

S W) = 16(w) 4 2¢20(w) (D-8)

during which we used the identity 26(z) = 0. We observe that the second-order derivative S[?(w) is the lowest order
derivative containing a Dirac delta function at zero temperature. According to Eq. (C-17) and following the reasoning
used to explain the discontinuity in R(¢) through Eqgs. (C-20) to (C-23), this leads to discontinuities at IQ in f?l(¢) of
the system’s occupation function at finite bath temperature.

As a concrete example, following Eq. (F-5) in the Appendix F, for parabolic bands in 1D and 2D, we have in this
case

AT = IQ7) o e o (0)TH(0T, 1) [£(0T) FIQT) — F(0T) F(IQT)], (D-9)

where I1QF =1Q + 0%, T'¥(e,, €,) is the scattering amplitude and o%(¢) = €(4=2)/2 is the density of states, both for the
d-dimensional (d = 1, 2) parabolic model. The discontinuities in the above second energy derivative f[2(e) = d?f () /de>
can be mapped to discontinuities in d? f(k)/dk? through the chain rule of differentiation.
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3. Gapped bath with a finite temperature

Here we consider the following S function with a finite bath temperature:
S(w) = [Np(Jw|) + O(w)|ve(Jw]), vew)=60(w-—A7A), A>0. (D-10)

The first-order derivative of S(w) with respect to w already contains Dirac delta functions:

§lll () = {3wa(w) O(+w — A) + [Ny(|w]) + Ud(w — A), w >0 (D-11)
OwNp(—w) O(—w — A) — Np(|w|)d(w + A), w<0
According to Eq. (C-17) and following the reasoning used to explain the discontinuity in R(¢) through Egs. (C-20) to
(C-23), Dirac delta functions in S!!l(w) lead to discontinuities at 1 + A in f!l(€) of the system’s occupation function
at finite bath temperature. These discontinuities in fI*!(¢) will propagate via the same mechanism to I + nA in
higher order derivatives f["(e).

As a concrete example, following Eq. (F-5) in the Appendix F, for parabolic bands in 1D and 2D, we have in this
case

fl[glz]+iA - fl%]fiA o £ (00T, 10T £ A) <f0+fm+iANb(A) — fioreafor [No(A) + 1]>7 (D-12)

in which IQF =1Q 4 07, T'(ey, €,) is the scattering amplitude and g%(e) = €(4=2)/2 i5 the density of states, both for
the d-dimensional (d = 1,2) parabolic model. The discontinuities in the above first energy derivative fl(e) = df(¢)/de
can be mapped to discontinuities in df (k)/dk through the chain rule of differentiation.

Appendix E: Dimensionless parabolic models in 1D and 2D

In this section, we non-dimensionalize the parabolic models in one and two dimensions introduced in the main
text for the purpose of numerical calculations. We define the relevant dimensionless quantities and relate the particle
density to the equilibrium Fermi wave vector and Fermi energy at zero temperature.

For clarity and readability, we omit the bar symbols over dimensionless quantities in the subsequent supplementary
materials whenever the context makes it clear that the quantities are dimensionless.

1. Dimensionless parabolic model in 1D

We begin with the 1D parabolic model driven by an oscillating electric field:

€ = ﬁ N Ek(t) _ [k—Aosin(Qt+¢0)]2.

E-1
2m 2m ( )

To obtain a dimensionless model, we introduce the characteristic energy ¢., and the following dimensionless quantities
(note that in the main text we choose €, = ):

= k k _ €k _ Q _
k = — = _ Q = — t = €¢ t E'2
ke 2me, €c ke 2me. € ¢ (E-2)

The dimensionless parameter Ay characterizes how far the drive pushes an electron back and forth in the parabolic
band relative to k. = y/2me.. Using these dimensionless quantities, the 1D parabolic model becomes:

€ = K — Ek(f) = U;’ — Ao sin(QE+ ¢0)]2. (E-?))

Assuming the fermionic system is initially at zero temperature and equilibrium, the particle number is conserved due
to the absence of particle exchange with the bosonic bath. We can relate the particle density to the initial equilibrium
dimensionless Fermi wave vector kg initial and Fermi energy k:%)inmal = EFinitial = Ho, Where [ig = po/€.:

+oo _ _
ng = / dk© (ﬁo — kg) = /[0 = kF initial- (E-4)
0
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Thus, the particle density ng is simply related to the dimensionless Fermi wave vector and energy as ng = \/fig =
\/g = kF in 1D.

The expressions for the Floquet energy harmonics and Floquet wavefunction harmonics for the dimensionless
parabolic model in 1D are provided below (with the bar symbol omitted). Floquet energy harmonics:

r dt +ilQt *
€,k = ?ék(t)e = [e_1k)", (E-5)
0
A2 ) » A2 iy
€k = €=0,k = k% + 70, €415 = —tAoke Z%, €y = —Ioe 21¢07 €|>2,k = 0. (E-6)

Floquet wavefunction harmonics:

o /Ochlf |:exp(+ith) exp <;_L /Ot dt’ [ex(t') — ek]ﬂ ) (E-7)

While Floquet wavefunction harmonics lack a closed-form expression, we provide perturbative expressions for F}D(q, D)

[see Eq. (C-7)] by calculating the factor CIDEJQ, = Y 1ez 190 p91 11.4l° up to O(Af), which is necessary to obtain the
scattering matrix W (g — p):

3(p—q)!
201

2(p —q)

2
0 A2 +

TP (q,p) = 27| Mo(q,p) {1 - pran 0<A8>] ,

N2 4
IR (g, p) = 27| Mar (g.p) [(p 9 g2 P9 4 +0<A8>} ,

0?2 Q (E-8)
115 (g, p) = 27| M. 2 [P0 4 a8
+2(¢,p) = 27[M42(q,p)| 104 0o+ O(Ap)|,
P5(g,p) o O(AD).
2. Dimensionless parabolic model in 2D driven by a circularly polarized electric field
The 2D parabolic model driven by a circularly polarized electric field is:
k2 ki — Agsin(Q¢ 2 [ky — Agsin(Q +7/2))?
oom ey - e AvsinO ) [k~ Agsin(2 + o n/2)f (E59)
2m 2m 2m

where the superscript + denotes the helicity of the circularly polarized electric field: (+) for left-handed (counter-
clockwise) and (—) for right-handed (clockwise) polarization. Similar to the previous subsection, we introduce the
characteristic energy €. and the following dimensionless quantities (note that in the main text we choose €, = Q):

7 ks y ke y _ €k 72 . 72 = Ag Ay — Q _
oy — 2 = —X= = — = 3 A = — = Q = — = €. 1. -
le,y kc Qmec’ €k . km + k'y7 0 kc 2meC’ €c7 t €.t (E 10)
The dimensionless 2D parabolic model is then:
G =k>=k2+k] = 65 (t) = [ky — Agsin(Qf + ¢0)]* + [k, — Agsin(Qf + ¢ + 7/2)]°. (E-11)

In 2D, the relation between the particle density and the initial dimensionless Fermi wave vector and energy is:

- ﬂ-k%,initial 72 . .
no = —— 5 = K initial = €F,initial = [0- (E-12)
k2
The expressions for the Floquet energy harmonics and Floquet wavefunction harmonics for the dimensionless parabolic
model in 2D are provided below (with the bar symbol omitted).

Floquet energy harmonics:

T
dt ) .
G-thk :/ ?ek(t) exp(+ilQt) = [efl,k] , (E-13)
0
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ek =Gl = K+ AY, ey = Aoe P (—iky Fhy),  €pnyy =0 (E-14)

Floquet wavefunction harmonics can be calculated using the Jacobi-Anger expansion and have closed forms:

ot = /OT‘;f [exp(-l—llﬂt)eXI)( - / dt’ [ex(t )—4«0)])}

681 T gt ef(ll)e—ulm .
=exp | — Z na X /0 T exp Z AT + 11O (E-15)
11#£0 1170

~—

(1)

€ 2A0lk . .

=exp| — E lll(iQ X Jg ( ;)2| |> exp(£ilby —ilgo), tanby =ky/ks.
1170

Similar to the 1D case, we provide perturbative expressions for I'7°(q, p) [see Eq. (C-7)] by calculating the factor
CIDg)p Y tez [P p¥l q\ up to O(AS), which is necessary to obtain the scattering matrix W(q — p):

2(p” + 3(p* +4p°q’ +p*
(a.p) = 2no(a.pf? [1 - 2D g MEEAPL LR 4 o)

+ 4+4 2 2+ 4
I20(q, p) = 2r|Mu1(a, ) {(p Sy LA v )Agmmg)},

(E-16)
4 2,42 4
p°+4p°q” +p

r25(a.p) = 2alMaafa,p)? | PRI g o).

'3 (q, p) o< O(A).

Here we note that I‘IQD(q7 p) does not depend on the helicity of the circularly polarized electric field.

Appendix F: Floquet-Boltzmann equation in energy space for parabolic models with uniform bosonic baths

In this section, we derive Floquet-Boltzmann equations in quasi-energy space for the parabolic models in 1D and
2D. We consider these models coupled to bosonic baths, and for simplicity, we assume the bath has a momentum-
independent coupling strength, which we refer to as the uniform coupling approximation, characterized by a constant
form factor [see Eq. (6) in the main text]:

[ {alxx 1) P = Ixol, (F-1)

where o is a constant. This approximation leads to a simplified expression for T';(¢,p) [see Eq. (C-7)]:

Ti(q,p) = To 3 01, p80 114> =To®),  To = 2m|xol, (F-2)
I1€Z

as well as a simplified scattering matrix [see Eq. (C-8)]:

W(g —p) =Welqg—p)+Wailqg —p) FOZQ)(Z)S q—Ep +19), (F-3)
I€Z

which now only depends on the Floquet wavefunction harmonics ¢; , and Floquet quasi-energies ¢,.
Before presenting the detailed derivations below, we summarize the Floquet-Boltzmann equation in quasi-energy
space for the parabolic models in 1D and 2D that we consider in the main text:

+00 _ +oo _ _
0= / f(eq)WiAepf(ep)Qd(eq)deq - / f(ep)Wetiﬁeqf(eq)gd(eq)delP flep) =1 = flep), (F-4)
0 0

El(}d—z)/2

where f(e,) is the occupation function labeled by the energy €, = p?, W2 e, and o d(eg) = are the scattering

matrix and the density of states for the d-dimensional (d = 1,2) parabohc model in energy space, respectively.
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Moreover, following the analysis in the subsection C2, their n-th derivative with respect to €, of the occupation
reads

n—1ln—k

=SS e [ ey e e

1€Z k=0 j=0 (F—5)
X(feqsm( — e + 1) fIF — £ SV (e, — ¢ +ZQ)f[k])

with the coefficient Be (m ) = (2) ("J_k) /Re,, and R, represents the maximally allowed scattering rate at momentum p:

+o0 =
REP - / dqu (6(]) (ffq Eqvﬁp + Wfdp‘q fCQ) (F_G)
0

In the following sub-sections, we provide detailed derivations of the Floquet-Boltzmann equation for the 1D and 2D
parabolic models coupled to simple bosonic baths under the uniform coupling approximation. The derivations lead to
the specific scattering matrix ngﬁeq =", T (eq,€,)S (€4 — €, +192) and density of states o%(e,) used in Eqgs. (F-4),
(F-5), and (F-6).

1. Floquet-Boltzmann equation for the 1D parabolic model

For the 1D parabolic model coupled to the bosonic bath described above, the Floquet-Boltzmann equation [see
Eq. (5) in the main text] takes the form:

0= [ awinhit - [ Wi (F-7)

with the scattering matrix given by Eq. (F-3). Given the momentum-independent difference between the original
dispersion €; = k? and the quasi-energy e = k% + A3/2 for the 1D parabolic model, we can recast the momentum-space
equation in terms of the energy variable €:

’ / T R, o) S - [T pewin,, et (-8)
= € €q—€ - € €p—r€ € ) -
0 R OV VO
in which we define the summed scattering matrix as
1D D _
Weloe, =S W yaorva T Whastva Wehe, = Whmga—va + Wa gty (F-9)

and use the symmetry f(e,) = f(4+p) = f(—p) to obtain the above equation. Eq. (F-8) is a specialized case of the
general Eq. (C-11).
Using Egs. (E-8) and (F-3), we write the summed scattering matrix up to O(AS$):

Wequ—>ep Z FIID(e(I? EP)S(eq — 6 + ZQ)
l

4(ep+ € 3(€2 + Gepeq + €2)
:F0[2— (pQ q)AO 4 Qiq g Ag}S(eq—ep)
2(€2 + 6eye, + €2 (F-10)
+ > To] (GPJ W g3 2% o q)Ag]S(eq—ep+nQ)
n==1

(€2 + 6epe, + €2)
Y To [ AR S (e — 6 4 209) + O(A)),

while WelD_>€ is obtained by swapping €, <+ €, in the above expression.

Here we also show the formal expressions of derivatives of f(e,) following the analysis in the subsection C2. We
take the n-th derivative with respect to €, on both sides of Eq. (F-8), apply the general Leibniz rule, and obtain:

n—1 +oo
_ 1 n dGq 1D [n—k] 7lk] [k WlD [n—k] 7 P11
Rp = <k> 0 f(feq[ eqaep] fe f [ EPAeq] feq)7 ( )
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FIG. F-4. Dependence of Grn=1,s=+1 = Qan=1,s=+1 (green hnes) and @n=1,s=—1 = Qan=1,s=—1 (purple lines) as functions of (a)

driving amplitude Ag = Ag/v/2mQ and (b) bath temperature Ty = kT, /R for the 2D parabolic model [see Eq. (8)] coupled to
the gapped bosonic bath [see Eq. (11)]. Parameters used both panels: A/Q = 3/10, particle density no/(2m) = 3/13. For

panel (a), bath temperature Tp = 0. For panel (b), driving amplitude Ag/v6mQ = 1/5.

where the superscript [k] on a function denotes its k-th derivative with respect to the energy e, (Z) = Wlk)' is the

binomial coefficient, and R, represents the maximally allowed scattering rate at momentum p:

oo de
REP = ! f‘q €q,€ e J€ feq (F—12)
0 \/7( qr -p pPrtq )
We further apply the general Leibniz rule on We[qﬁep and W Heq [see Eq. (F-10)]:
1D M k] [n—k—3] ¢[j]
[Weq—np Z Z (€Q7 ep)] S (Eq — € + lQ)a
I€Z =0 (F-13)
n—Fk] n—k—j :
[Welplleq [ Z Z ( > (eq, ep)}[ J]Sm (ep — €p +19).
LeZ =0
Combining these results, we obtain:
n—1n—k +00
de n—k—j 1
[n] N Z Z Z ( ) ( ) NG [FlD( 7€p)][ g (feq E[{I]f":pﬁLle[k] - fﬁqsii]*6q+lslf€[]:])
EPleZk =0 j=0 J 0 Ve
(F-14)

n—1ln—=k )
S S e [T e v, i (£, 57 (e = € + 1T = Jo S e, — e +192) 1),
lez o Ve

k=0 j=0

with the coefficient Bg:jk) =) (";k) /Re,.

2. Floquet-Boltzmann equation for the 2D parabolic model driven by a circularly polarized electric field

For the 2D parabolic model driven by a circularly polarized electric field, the Floquet-Boltzmann equation takes the

form:

+o0 d +oo d
O:/_ fa q%pfpﬁ_/_ Ip p%qfq( q)g’ (F'15)

with the scattering matrix given by Eq. (F-3). Given the momentum-independent difference between the original
dispersion ¢, = e, = k? and the quasi-energy ¢, = e = k? + A2 for the 2D parabolic model, we can recast the

momentum-space equation in terms of the energy variable €:

+00 _ +00 _
0= / f(Gq)quaepf(ep)dGq - / f(Gp)szaeqf(ﬁq)dqu (F-16)
0 0
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in which we define the scattering matrix as
2D 2D
Weqﬁep = Wﬁﬁ €p) Wep%eq w €p—/€q (F_]'?)
by using the fact that W_,p, is a function of {¢, = p?, ¢, = >} and does not depend on the orientations of p and q

[see Eq. (E-16)] and f(p) = f(|p]|), for the 2D parabolic model driven by a circularly polarized electric field.
Using Eqgs. (E-16) and (F-3), we write the scattering matrix up to O(A$):

quD—n,, Z FlzD(eqv p)S(eg — € +19)
1

2(ep +€q) 42 3(6127 + depeq + €L21) 4
:I‘O[l— a7 A 50 AO}S(eq—ep)
€ —|— € (€2 + depe, + €2) (F-18)
+ Zﬂ: |: p q A2 P ;44 q Aé:| S(Gq — 6 +nQ)
n 1

(€2 + depe, + €2)
+ 3 o[ Al S(ey — & + 202) + O(4D),
n==x1

while WED_>€ is obtained by swapping €, <+ €, in the above expression.

Here we also show the formal expressions of derivatives of f(e,) following the analysis in the subsection C2. We
take the n-th derivative with respect to €, on both sides of Eq. (F-16), apply the general Leibniz rule, and obtain:

is]—Rep,;)( ) [ e w2, R gz, ) ), (F-19)

where the superscript [k] on a function denotes its k-th derivative with respect to the energy ¢, (Z) = ﬁlk)' is the
binomial coefficient, and R, represents the maximally allowed scattering rate at momentum p:

€p €p,€q

_ e 2D 2D _
R deq(fe,W2E. +W2P, fe,) (F-20)
0

We further apply the general Leibniz rule on We[qﬁlzl and We[:;i [see Eq. (F-18)]:

[Wfq]lfp [n 5 Z Z ( > F2D(5qv Ep)] [nikij]s[j](eq — € +192),

LeZ =0

(F-21)
[Wi]leq [” . Z Z ( > FQD(Eqa €p)} [n_k_j]s[j] (€p — €p +192).
€7 j=0
Combining these results, we obtain:
n—1n—~k 400 k] ] B
ZZZ( )( ) /0 deq[T72(eqr )" (Je SO i f1) = o, SE i)
P lelz k ko j=0 (F-22)
S e [ ey 029 ] 7 (1,8 T 7,5y 1),
1€7 k=0 j=0

with the coefficient Bé:jk) = (Z) (";k)/Rep.

Appendix G: Equal time pair correlation function for the Floquet non-Fermi liquid

In this section, we first derive the pair correlation function for a periodically driven Bloch band and then demonstrate
that it exhibits long-range or power-law behavior for the Floquet non-Fermi liquid using specific examples.
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The pair correlation function quantifies the probability density of finding a particle at position r; given that another
particle is located at position ry, making it a crucial characterization of the correlations in a fluid. The correlation
function can be derived as follows [25]

oy e tn(at) a1y | (eh e (®) (e (e () -
92 = g e ) (D) g ’ (&

where Wick’s theorem is applied, and the system is assumed to be translationally invariant, i.e., (n(ry,t1)) =
(n(ra,t2)) = no, which represents the averaged uniform density. For the single-band model under consideration, the
creation/annihilation operators in Eq. (G-1) can be expanded in terms of plane waves as follows:

cl(t \F Z e [y (1)) e, (G-2)

where ¥y (t) denotes the Floquet wave function [see Eq. (B-2)]. In the Floquet non-Fermi liquid steady state, we have
<cL,ck> = Sk fk- By denoting r = r; — ro, we obtain the following expression for Eq. (G-1):

11 ’ ST i/ V[ ’ o) [
gr)y=1—-=|= ) e =1-|==FF| =1—-1|% G-3
0 =1-2ly 2 Sl 7(0) (3
where f(r) is defined as the d-dimensional Fourier transform of f:
3 _ dk —ik-r
fo) = [ e ™ he (G-4)

In a conventional equilibrium Fermi liquid at zero temperature, i.e., Tp = 0, fix — ©(kr — |k|). The discontinuity in
fx at the Fermi surface causes long-range oscillatory behavior in g(r), which is determined by the Fermi wave vector kg
and the system dimensionality [25]. In contrast, the Floquet non-Fermi liquid exhibits power-law long-range oscillations
originating from non-analyticities in its occupation function fy, even at finite temperatures. This is demonstrated next
for 1D and 2D parabolic models.

1. Parabolic model in 1D

We now evaluate the integral [ dke=**" fi /(27) from Eq. (G-4) for the dimensionless parabolic model in 1D [see
Eq. (E-3)]. Our focus is on the square-root-Theta type non-analyticities in the momentum distribution at specific
momenta ¢; (j =1,2,...), which arise from the coupling with gapped bosonic baths [see Eq. (11) in the main text].
The momentum distribution can be decomposed as follows:

1) = 9+ S E SR (@)

where the superscript {k} denotes the k-th derivative with respect to momentum p, fre gular(k) encompasses the analytic
component and any non-analyticities weaker than ©(k — ¢;)(k — ¢;)~'/? with ©(x) being the Heaviside step function.

Exploiting the symmetry property f(—k) = f(k), which implies f{1}(—k) = — f{1}(k), and applying integration by
parts, we obtain:

1 +°° oikr 1 (1 2sin(kr) (1} 1 [t 2sin(kr) £ a;0(k — g;)
% i f = 7% dk 77,. f (k) = *%/ dk r |: regular + Z 1/2 :|

= regular part — rd% Z \/Zaj [cos(qu)SF< 2/m) (k —qj) r) + sin(qu)CF( (2/m) (k —q;) T‘)} I (G-6)

aj
™
= regular part — 3/2 g — blIl (qu + Z> ,

where Sp(z) and Cg(z) are Fresnel integrals, and their asymptotic properties Sgp(0) = Cr(0) = 0 and Sp(+00) =
Cr(400) = 1/2 were used. The non-analyticities thus lead to power-law decay ~ r—3/2 with oscillations at Floquet
Fermi surfaces g;, contrasting the behavior of conventional Fermi liquids.
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FIG. G-5. Re-scaled real space Fourier transform f(r) [Eq. (G-4)] obtained from direct numerical solutions of f(k) (blue solid
lines) and asymptotic analysis (red dashed lines) for (a) a one-dimensional parabolic model [Eq. (G-6)] and (b) a two-dimensional
parabolic model [Eq. (G-8)] coupled with a gapped bosonic bath with Tp = 0 and A = 0 such that there is only one primary
Fermi surface at 2, for visual clarity. The asymptotic behavior of f(r) for both models can be described by a unified expression,

as discussed in Eq. (13) of the main text. The following parameters are used: Ao/vm$ = 4/5, particle density no/vm = 1/2
(1D) or no/(mf2) =1 (2D).

2. Parabolic model in 2D

Here we evaluate the integral [ dke™ %7 fi /(2m)? from Eq. (G-4) for the dimensionless parabolic model in 2D [see
Eq. (E-11)]. Our focus is on the Theta-type non-analyticities in the momentum distribution at specific momenta p;
(¢ =1,2,...), which arise from the coupling with gapped bosonic baths [see Eq. (11) in the main text]. The momentum
distribution can be decomposed as follows:

FO (k) = £l (K +Zaz (k= pi), (G-7)

where the superscript {k} denotes the k-th derivative with respect to momentum p, f o guIM( ) encompasses the analytic
component and any non-analyticities weaker than ©(k — p;). Exploiting the symmetry property f(k) = f(k) with
k = |k|, and applying integration by parts, we obtain:

+oo 2
(27];-)2 /dke—ik.rfk _ (27];)2/ kdk/o dee—ierOSGf(k) _ _%/ dk le( )f{l}( )

L g R [
- _% 0 dk —— r |: regular + Zal k Di :|
o ]. oo le(kT) {1}
=5 [ @A (k) + 32 a:6(p: ~ b) (@)
km|Jy(kr)Hy(k —J kr)Hy(kr)||P
= regular part——Za, [ k) 0( T) okr) H (kr)]
0

oo, regular part — 5/2 Z aiy/ pz sin p,r +



24

We note that in the above derivations, we define fregular(k‘) such that fr{elg}ular(k) +>,a,09(p — k) = r{e{g};llar(k) +

>, aiO(k — p;). Similar to limy_eo 1 (k) = 0, we have limj_,oo feguhr(k) = 0. Consequently, the integral with
respect to fregular(k) is convergent. The “regular part” refers to the part whose oscillation decays faster than r—°/2 at
large 7, Jo1(x) and Hy1(z) are Bessel and Struve functions. The non-analyticities produce power-law decay ~ r~°/2

with oscillations at Floquet Fermi surfaces p;, again distinct from conventional Fermi liquids.

Appendix H: Density noise correlation function for the Floquet non-Fermi liquid

In this section, we derive the density noise correlation function for a periodically driven Bloch band and provide
explicit expressions for the parabolic models in 1D and 2D.
The spectrum of density fluctuations can be obtained from the correlation function

C(I‘l, tl; ro, tg) = <n(r1, tl)n(rg, tg)) — <TL(I‘17 t1)> <n(1'2, t2)> . (H—l)
Due to translational invariance, (n(ry,t1)) = (n(ra,t2)) = ng. Thus, the non-trivial part is the correlation function:
(n(ry,t1)n(ry, t2)) = (cf, (t1)er, (t1)el, (t2)er, (1)) - (H-2)

Using the relation in Eq. (G-2) and performing contractions (cLl ckchch) = (cLl Cks ) <CI(5 ck,) + (c;r(lck4> (ks CL3>

according to Wick’s theorem, we obtain

C(ry,trsr,bo) = V2 Z fier frege T TR ) [ (), (81) [ty (£2)] Yo, (22). (H-3)

ki ,ko

By Fourier transforming into momentum space, we have
Cla;ty, ta) = ka+qfk [thrcta(t0)] Y (t1) [P (t2)] it q (t2)- (H-4)

Averaging over to, Fourier transforming ¢t = ¢; — t2 into frequency space, and performing Floquet expansions [see
Eq. (B-2)], we obtain

— o0

_ T at oo gt , 1 -
Clq;w) E/o 72 {/ 27TC’(q;thtg)eJ““”t} = Vka+qka®l(k,k+q)§(5k_5k+q —w+19Q), (H-5)
k !

where the [-dependent amplitude factor reads
2
Pk, k+q) = ’ > wz,k<p?‘+h,k+q‘ (H-6)
l1

In equilibrium, ®;(k,k 4+ q) = d;0 and the density noise correlation function reduces to the dynamic structure factor:
_ 1 _
C(aw) = Coqui(@w) = 1 D fierafid (e = ererq = w). (H-7)
k

At zero temperature, the dynamic structure factor Cequi(q; w) is non-zero only when q and w lie within the particle-hole
continuum. At finite temperatures, this region smoothly broadens due to thermal excitations. However, as we will
demonstrate, this is not the case for our Floquet non-Fermi liquid, where the particle-hole continuum remains sharply
defined even at finite temperatures.

1. Parabolic model in 1D

We now evaluate explicitly the density noise correlation function, Eq. (H-5) for the parabolic model in 1D [see Eq.
(E-3)]. Given the quasi-energy ¢j, = k? + A2/2 for the 1D parabolic model, we obtain

+o0
Cip(g;w) = /_ dh fk+qfk Z Dy (k, k+ q)5 (k> — (k+ q)* —w + 19). (H-8)
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The [-dependent amplitude ®;(k,k +q) = |>_; @l,k@?+ll,k+q|2 — ®,(q) is k-independent for the 1D parabolic model
and can be read from I'}P(k, k + q) [see Eq. (E-8)]:

3¢*
204

Bi_11(q) = 52A2 Q4A4+O(A6)

Pi—12(q) = 4%24 Aj +0(A7),

®—13(q) ox O(AJ).

_ 2¢° 4 6
Pi—o(q) =1— 7440 So1d0 + 0(4p),

Evaluating the integral in Eq. (H-8) by eliminating the Dirac delta function,

1 Z— 1Q
6(k2—(k+q)2—w+l§2)—>2|6( q2;”+> (H-10)

we arrive at the expression

w10 (= —w+IQ
Cip(g;w = I |q\ Z (Zq + Q> f <2q) . (H-11)

2. Parabolic model in 2D

We now explicitly evaluate the density noise correlation function, Eq. (H-5), for the parabolic model in 2D [see Eq.
(E-11)]. Given the quasi-energy e, = k? + A2, the rotationally invariant occupation function f(|k|), and the closed

form for its Floquet wave function harmonics [see Eq. (E-15)], we have:
27 400
2Aok’ 2A0|k + q| 1
Ci (g, 043 w) = Pop / dek/ kdk f(Jk + q|) f( ZZ: e/ ( 3 ) Jis, (Q oili (60Fburq)

x 8 (k> —|k+q|2—w+lQ),

2

(H-12)

where k — (k,0y), 4 — (¢,0,), and |k + q| = \/k? + ¢ + 2kg cos(6; — 0,) are represented in polar coordinates. The
superscript £ in C;ED (¢,04; w) denotes left- or right-handed circularly polarized light. After carefully eliminating the
Dirac delta function and integrating over 6y, we obtain:

fF(VEE=w+1Q) f(k) 240 \|?
Con(4, 04 2n)2 Z/ |\/4k2q — @ o100 Jz( k)
<23 "N i, <2A° k2 — ) Jist, (MO\/ —w +m) (H-13)
i 2
2 w0
(h—l> (M) exp[+i(ly — l2)(¢o F 04)],

where T},(z) is the Chebyshev polynomial of the first kind. We observe that C;, (g, 6,;w) depends on the angle 6,
initial phase ¢g, and the helicity of the drive. However, integrating over 6, leads to d;,;, and yields a simpler final

expression:
240 \|°
(%)

: (H-14)

2 /+°° Ll f (\/kQ —w+19Q) f(k)
0

- 2w
Con(q,w z/ d0,C% (g, 045w) = ———
2p(q,w) . 4Cap (¢, 045 ) (2m)2 ‘\/4k2 (2 +w—10)2 |

l

where we used the fact that Tp(z) =1 and >, |J;(z)]? = 1.
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Interestingly, despite the simplification achieved in Eq. (H-14), the underlying angular dependence of C_'QjED(q7 Oy;w)
reveals a subtle physical feature of the system. Even when the 2D system is driven by circularly polarized light, C (q,w)
is not fully isotropic in q. This anisotropy manifests as an explicit dependence on the angle difference between the
initial phase ¢g of the drive and the direction of q, represented by 6,. This is because in the steady state the physical
direction of flow of the fermion fluid rotates in time with the drive, so as to instantaneously remain orthogonal to the
electric field. While invisible in the equal-time density correlations, this instantaneous directionality of the flow leads
to an explicit angular dependence of the correlations measured at different times and different angles. But, despite the
dependence of C(q,w) on the direction of q, its non-analyticities are located at frequencies that depend only on the
magnitude of |q].

Appendix I: Persistence of non-analyticities in the presence of electron-electron interactions

In this section, we demonstrate that the non-analyticities in the Floquet occupation function arising from electron-
phonon coupling persist even when electron-electron interactions are included in the Floquet-Boltzmann description.
For the sake of brevity, we will use €, to denote Floquet energy in this section.

In the Floquet-Boltzmann framework, the steady state occupation function f(e,) is determined by the condition
that the total collision integral vanishes:

Tiot[f(€p)] = Lopn[f(€p)] + Le-e[f(€p)] = O, (I-1)

where I.pp is the electron-phonon collision integral and I.. is the electron-electron collision integral. As shown in the
main text, I,y has the form [see Eq. (5) in the main text]:

Leonl (&) = Y (FEeWarnF(&) = F(e)Wisaf(€0) ). (1-2)

q

with f(e,) = 1 — f(e,) and the scattering rate:

Womp =Y _ @) S(eg — € +10). (I-3)
l

As discussed in the main text and Appendix C “Analytical analysis of non-analyticities” of the supplementary
material, the non-analyticities in the occupation function originate from non-analyticities in the S function. These
non-analyticities appear at specific energies €, = nf) 4+ sw,, where w, represents the energy at which the bath’s density
of states have a non-analyticity.

The electron-electron collision integral in the Floquet-Boltzmann framework has the general form (see e.g., Eq. (41)
in Ref. [14]):

Lee[f(e)] = Y K(p.koa,q) [f(ep)f(er) fleq) fleqr) = Flep) fler) feg) fleqr)] s (1-4)

k.q,q’

where K(p, k, q,q’) incorporates the Floquet interaction matrix elements, and enforces energy conservation modulo 2
to account for Floquet-Umklapp processes.

Let us consider the energy €, = €, where non-analyticities occur in the absence of the the electron-electron collision
operator. We will denote the n-th derivative of a function g with respect to €, used in Appendix C:

d"g(ep).

(n] -
g (EP) dﬁg

(I-5)
In order to examine the presence of a non-analyticities, we define the following difference for any function F' at a
specific point €,:

AF(e,) = Fex +07) — F(e. —07). (1-6)

If the above limit is finite, then the function F has a discontinuity at €, from above versus from below.
We now differentiate Eq. (I-1) n times with respect to ep:

C;Z.}Ic-phmep)} + ;Z;Ic.c[f(em — 0, (7)
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And evaluate the limit of the above expression as defined in Eq. (I-6) around €, = €,:

d" dr

A(Gglemlren) o (fmhedse)) =0 0-8)
As shown in Appendix C, particularly in relation to Eqs. (C-16) and (C-23) [as well as Egs. (D-5), (D-9), (D-12) for
more specific models], the above term coming from electron-phonon collisions can be expressed as:

. (Cizfe-phwep)]) = Anc [, 8] Af(e) + Buc [f, /1,0 f07ti 8,81, ST (1-9)

€p=—©€x
This decomposition has the following interpretation:

o Ane.[f,S]is a general way of writing the (functional) coefficient [see R, ,, in Eq. (C-16)] that captures how
changes in the n-th derivative of f affect the n-th derivative of the collision integral.

o By lf, fM, .- fin=1l g S0 SInl] =£ 0 emerges from differentiating the S function in the collision integral,
and corresponds to the right-hand side of Eq. (C-16). When the S function is differentiated n times, it can
produce terms containing Dirac delta functions at €, = €, and leads to B, ., # 0 follwing the discussion in
Appendix C 3.

Similarly, for the electron-electron collision integral, we can express the jump in its n-th derivative as:

A (dnl_ [f(Gp)D = Cpe.[f. K] - Af["](e*) + Dy [f, el g g0 ’K[n]] (1-10)

€p=€x

where C,, ., and D,, ., have similar interpretations to A, , and B, c,, respectively, but arise from the structure of the
electron-electron collision integral Ieo[f(€p)].
Combining these equations, we get:

(Apse, + Cne.) - AfM(e) + (Bue. + Dye.) =0 (I-11)
The crucial point in our analysis is that generically (By, . + Dy .) # 0 at the energy ¢, = ¢,. This is because:

e B, .. # 0 as it originates from the non-analyticity in the S function at ¢, = €, which contains the detailed
information of the bosonic bath, such as its density of states.

e D, ., arises from a completely different physical origin, the electron-electron collision integral, and has no
particular reason to exactly cancel B,, .,. For D, ., to exactly cancel B, ., the electron-electron interactions
would need to be fine-tuned in a way that depends on the precise details of the bosonic bath, which is not
physical.

Therefore, the equation (A4, ¢, +Ch.e.)- Afll(e,) + (Bn.e, + D) = 0 implies AflMl(e,) # 0 [assuming (Ape. +Che.)
is finite, which is generally true]. This means that the non-analyticity in the n-th derivative of the occupation function
persists even when electron-electron interactions are included in the Floquet-Boltzmann framework.

As a specific example, we can consider a 2D system coupled to a gapped bath with a gap at A. In this case, D,, .,
would be expected to be zero because the electron-electron collision integral does not contain any information about
the bath. Consequently, the Floquet interaction kernel K (p, k, q,q’) is smooth around e, = A, which leads to D,, ., = 0.
This simplifies Eq. (I-11) to:

Bn,e*

Affie) = -5

(1-12)

Therefore the non-analyticities in the steady state occupation function at energies €, persist even when electron-electron
interactions are included as a collision integral. While the electron-electron collision integral may modify the magnitude
of these non-analyticities, particularly as the relative strength of interactions changes, it cannot eliminate them entirely
when their relative strength are finite, thus preserving the essential character of the Floquet non-Fermi liquid state.



