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We demonstrate that periodically driven Fermions coupled to simple bosonic baths have steady state
occupations of Floquet Bloch bands that generically display nonanalyticities at certain momenta that
resemble the Fermi surfaces of equilibrium non-Fermi liquids. Remarkably these nonequilibrium Fermi
surfaces remain sharp even when the bath is at finite temperature, leading to critical power-law decaying
correlations at finite temperature, a phenomenon with no analog in equilibrium. We also show that
generically there is in-gap current rectification for clean metals lacking inversion symmetry, and explain
why this occurs universally regardless of the details of collisions.
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Introduction—The transitivity of thermal equilibrium or
zeroth law of thermodynamics [1] encodes a remarkable
universality of thermal baths in equilibrium, namely, a
system coupled to a bath always thermalizes toward the
same macroscopic state regardless of the details of the bath.
However, for nonequilibrium settings the details of the bath
matter. In this Letter we will demonstrate a dramatic
example of this by showing that periodically driven
fermions coupled to a boson bath have a steady state
occupation function with nonanalyticities at certain special
momenta that resemble the Fermi surfaces of a non-Fermi
liquid state [see Fig. 1(c) and Refs. [2–4] ]. This sharply
contrasts with the case when they are coupled to a fermion
bath, which displays a Fermi-Dirac staircase occupation
with multiple jumps, and behaves like a Fermi liquid, as we
have recently demonstrated in Refs. [5,6] (for related
studies see also Refs. [7–12]).
We will also show that, remarkably, these nonanalytic-

ities remain sharp even when the boson bath is at finite
temperature, and thus these Floquet non-Fermi liquid Fermi
surfaces do not suffer from thermal smearing, leading to
correlations that decay like power laws at long distances
even at finite temperature. This behavior, which we refer to
as “ultracritical,” has no analog in equilibrium, where
Fermi surfaces of Fermi and non-Fermi liquids invariably

smear at finite temperature and correlations decay expo-
nentially at long distances.
Floquet-Boltzmann equation—We consider a fermionic

system (S) coupled to a bosonic bath (B), described by the
Hamiltonian [see Fig. 1(a)]

ĤðtÞ ¼ ĤSðtÞ þ ĤB þ ĤSB þ H:c:; ð1Þ

where ĤSðtÞ ¼
P

αβhαjĥtjβiâ†αâβ, ĤB ¼ P
q ℏωqb̂

†
qb̂q,

and ĤSB ¼ P
q;νηhνjχ̂qjηib̂qâ†νâη. ĥt and χ̂q are the system

single particle Hamiltonian matrix and its coupling matrix
to the mode q of the bath, â†α, âα ðb̂†q; b̂qÞ are fermionic
(bosonic) creation and annihilation operators for state jαi
(mode q). The bath is in thermal equilibrium with Bose-
Einstein occupation Nq ¼ 1=ðeβℏωq − 1Þ and temperature
kBT0 ¼ 1=β, but the system can be driven out of

FIG. 1. (a) Schematic of a periodically driven tight-binding
model (blue) coupled to boson modes (red) [see Eq. (1)], enabling
(b) Floquet-Umklapp processes [see Eq. (6)] and resulting in
(c) Floquet non-Fermi liquid Fermi surfaces kFn

at intersections
of band edges and its Floquet copies.
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equilibrium via the time dependence of ĥt (hence the
subscript t). Starting from the full density matrix for the
system and bath, η̂t, and following the analysis of Raichev
and Basko [13] for weak system-bath coupling (see Sec. A
of [14]), we arrive at a quantum kinetic equation for the
system one-body density matrix ργδ ≡ Tr½η̂tâ†δâγ�,

ℏ∂tρ̂t þ i½ĥt; ρ̂t� ¼ Îet þ Îat ; ð2Þ

where Îet and Îat are, respectively, the emission and
absorption collision operators, which are given by

Îet ¼
1

ℏ

X
q

ðNqþ1Þ
Z

t

−∞
dt0eiωqðt−t0Þ½Ûðt; t0Þ

× ðρ̂t0 χ̂qð1− ρ̂t0 Þþ ρ̂t0 tr½ρ̂t0 χ̂q�ÞÛðt0; tÞ; χ̂†q�þH:c:; ð3Þ

where Û is the system unitary evolution matrix in the
absence of coupling to the bath. The absorption operator Îat
can be obtained from Îet by substituting Nq þ 1 →
Nq;ωq → −ωq; χ̂ → χ̂† [13]. We will apply this general
formalism to investigate the steady states of Floquet Bloch
bands. For simplicity we consider tight-binding models
with one site per unit cell (i.e., no Berry phases) periodi-
cally driven by a spatially uniform electric field, with an
associated vector potential AðtÞ ¼ Aðtþ TÞ. Therefore,
the system Hamiltonian is ĥt ¼

P
k ϵðk −AðtÞÞjkihkj.

We couple each site, r, of the tight-binding model to its
own collection of local boson modes, namely, the label
for boson modes can be written as q ¼ ðr; λÞ, where λ
labels the different boson modes coupled to each site [see
Fig. 1(a)]. The frequency of the boson modes is site inde-
pendent and only depends on λ, namely, ωq ¼ ωλ. We
consider the limit where λ becomes dense and the density of
states (DOS) of the bath, νBðωÞ ¼

P
λ δðω − ωλÞ, appro-

aches a continuous function, which we will specify in the
coming sections. Moreover, we take the boson modes to be
coupled to the on-site fermion density, namely the coup-
ling matrix is simply the projector onto a system site
χ̂q ¼ χ0jrihrj, and χ0 is the same for all boson modes.
Starting from Eq. (2), one can show that in the limit of

weak coupling to the bath (χ0 → 0) the one-body density
matrix of the fermionic system approaches the steady state
(see Sec. A of [14]),

ρt ¼
X
k

fkjkihkj; ð4Þ

where the occupations, fk, are determined by the solutions
of the time-independent Floquet-Boltzmann equation

X
q

ðfqWq→pf̄p − fpWp→qf̄qÞ ¼ 0; f̄p ≡ 1 − fp; ð5Þ

where the scattering rates are given by

Wq→p ¼ 2πjχ0j2
X
l

ΦðlÞ
q;pSðεq − εp þ lΩÞ;

ΦðlÞ
q;p ¼

X
l0

jφl0;pφ
�
l0þl;qj2; ð6Þ

where εk and φl;k are, respectively, the Floquet band
energy and l th harmonic of the wave function, i.e., the
solution of the Schrödinger equation for ht is jψkðtÞi ¼P

l e
−iðεkþlΩÞtφl;kjki. The function S, which encapsulates

both emission and absorption processes, is given by

SðωÞ ¼ ½NbðjωjÞ þ ΘðωÞ�νBðjωjÞ ð7Þ

and plays a crucial role in the properties of the solutions of
this Floquet-Boltzmann equation. The argument of S can be
interpreted as the energy of a boson that is emitted
(absorbed) to (from) the bath when it is positive (negative),
and therefore we see that the scattering behaves as if there
was energy conservation modulo Ω (Floquet-Umklapp)
[see Fig. 1(b)]. Similar Floquet-Boltzmann equations have
been employed in previous studies [7,15–17]. For con-
creteness we will focus on the case of a parabolic band
dispersion in one and two dimensions,

ϵkðtÞ ¼ ½k −AðtÞ�2=2m; ð8Þ

where AðtÞ ¼ A0 sinðΩtþ ϕ0Þ in 1D and in 2D we will re-
strict to circularly polarized light, AðtÞ ¼ A0½sinðΩtþϕ0Þ;
sinðΩtþϕ0� π=2Þ�, so that the steady state has rotational
symmetry in order to simplify the numerical solutions (but
our main conclusions remain qualitatively valid for arbi-
trary polarization). The Floquet energies and wave func-
tions for this problem are shown in Sec. E of [14].
Notice that while the density matrix in Eq. (4) is time-

independent in canonical momentum basis, k, physical
quantities will generically oscillate periodically since they
depend on the mechanical momentum k −AðtÞ. This
steady state is an example of a periodic Gibbs ensemble
(PGE) [18–21], which does not arise from many-body self-
thermalization but rather from the coupling to a bath. We
have recently shown that the steady state when the system
is coupled to a fermion bath is another PGE with a Fermi-
Dirac staircase occupation with multiple jumps that
behaves like a Fermi liquid at low temperatures [5,6].
As we will show, however, the solutions of Eq. (5) lead to a
dramatically different PGE where the occupation fk does
not feature jumps, but instead displays higher order non-
analyticities. These effectively behave as the Fermi surfaces
of a non-Fermi liquid, and we refer to this state “Floquet
non-Fermi liquid.” Remarkably, these nonanalyticities
remain sharp even when the bath is at finite temperature,
a property we will call “ultracritical.” Our findings can be
viewed as establishing that these nonanalyticities appear for
an infinitesimally weak electron-boson interaction (χ0 → 0),
in contrast to the equilibrium, where non-Fermi liquid
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behavior typically emerges from strong interactions [2–4]. In
Sec. I of [14] we provide a rigorous demonstration that these
nonanalyticities remain robust after including electron-elec-
tron collisions (as derived in Ref. [15]) in Eq. (5). While this
is reminiscent to the setting in equilibrium where critical
bosonmodes lead non-Fermi liquid behavior, e.g., within the
Hertz-Millis framework [22,23], we caution that our states
should not be confused with equilibrium non-Fermi liquids,
since nonequilibrium conditions are crucial in our setting.
Floquet non-Fermi liquid with Ohmic bath—We start by

considering an Ohmic bosonic bath characterized by a
density of states that vanishes linearly at low frequency,

νohmB ðωÞ ¼ ðc1ωþ c2ω2 þ � � �ÞΘðωÞ: ð9Þ

We solve the Floquet-Boltzmann Eq. (5) numerically [24]
by keeping the scattering matrix to the second order of A2

0.
We have found that fk has nonanalyticities at jkj ¼ kFn
given by [see Fig. 2(a)]

k2Fn=2m ¼ nΩ; n ¼ 1; 2;… ð10Þ

that are the “Floquet Fermi surfaces” (FFSs) [25]. The size
of FFSs is independent of the fermion density and thus
generally different from the size of the equilibrium Fermi
surface. The origin of these nonanalyticities can be traced
back to three crucial ingredients: (a) the absence of detailed
balance in the scattering rates from Eq. (6); (b) the
existence of a nonanalyticity in the DOS of the Floquet
energies, which for a parabolic band is the DOS edge from
the band bottom at k ¼ 0; (c) the existence of a non-
analyticity of the S function from Eq. (7), which for the
Ohmic bath occurs at ω ¼ 0. The idea is that states near an
FFS, (jkj ≈ kFn), can scatter into or from those near the
bottom of the band (k ≈ 0) while absorbing or emitting

bosons from the bath with negligibly small energy ω ≈ 0
[see Figs. 1(b) and 1(c)], which becomes allowed in the
Floquet setting because energy is conserved only moduloΩ
(Floquet-Umklapp). We have found that when the driving
amplitude is small (jEj ≪ Ω2=vF), the nonanalyticity with
n ¼ 1 is the strongest one (see Fig. 2).
The degree of non-analyticity depends on space dimen-

sionality (d ¼ 1; 2). In Sec. D of [14], we prove that for
the Ohmic bath the second derivative of fðkÞ exhibits
non-analyticities of the form: d2f=dk2 ¼ ðd2f=dk2ÞregþP

nbnðk − kFn
Þðd−2Þ=2Θðk − kFn

Þ. Here bn is a constant,
and ðd2f=dk2Þreg includes the analytic part and weaker
non-analyticities. Namely, these correspond to a square-
root kink in df=dk in 1D, and a jump in d2f=dk2 in 2D as
illustrated in Fig. 2(a).
Floquet non-Fermi liquid with gapped bath—In order to

illustrate that the nonanalyticities of the S function from
Eq. (7) affect the location of the FFSs, we now consider a
bosonic bath with a gap (Δ) in its DOS, given by

νgapB ðωÞ ¼ Θðω − ΔÞ; Δ > 0: ð11Þ

We have verified that the behavior remains qualitatively
similar if the above Theta function is replaced by other
similar functions with a single discontinuity at ω ¼ Δ, but
we will focus on the above case Eq. (11) for simplicity.
Interestingly, in this case the nonanalyticities of fk are
found at jkj ¼ kFn;s given by [see Fig. 2(b)]

k2Fn;s=2m ¼ nΩþ sΔ; ð12Þ

where n, s can be any integers as long as the right-hand side
is positive. We have observed that for weak amplitudes the
strongest nonanalyticities are those with indices ðn; sÞ∈
fð1; 1Þ; ð1;−1Þ; ð0; 1Þg. We will focus here on characteriz-
ing primarily those with ðn; sÞ ¼ ð1;�1Þ, which involve
nontrivial Floquet-Umklapp scattering. These nonanalytic-
ities are more pronounced in the gapped bath compared
to the Ohmic case, and appear in the first derivative
of the occupation function [see Fig. 2(b)] df=dk ¼
ðdf=dkÞreg þ

P
n;s an;sðk − kFn;s

Þðd−2Þ=2Θðk − kFn;s
Þ, where

d is the dimensionality, and an;s is the strength of the
nonanalyticity (see Sec. D of [14] for proof). Figure 2(b)
shows that an¼1;s¼�1 decays as 1=T0 with bath temperature.
Furthermore, for weak drivings, an¼1;s¼−1 scales as A2

0,
while an¼1;s¼þ1 as A4

0 (see Sec. F of [14]).
Friedel oscillations and particle-hole continuum—To

further substantiate the analogy between these nonanaly-
ticities and Fermi surfaces of a non-Fermi liquid, we will
show that they give rise to phenomena that are often seen as
fingerprints of the presence of Fermi surfaces. We begin by
illustrating that density correlations display power-law
decaying oscillations analogous to Friedel oscillations.
The pair-correlation function of the fluid, gðr1; r2; tÞ,

Ohmic Gapped

FIG. 2. Steady state occupation and FFSs for 2D parabolic bands
coupled to (a)Ohmic and (b) gappedbaths at finite temperature. The
occupation (blue) and derivatives (red) are plotted as functions of
ϵ ¼ k2=2m. Inset (b) shows temperature T̄0 ¼ kBT0=Ω depend-
ence of the amplitude of nonanalyticity ān¼1;s¼1 ¼ Ωan¼1;s¼1

(green) and ān¼1;s¼−1 ¼ Ωan¼1;s¼−1 (purple). Parameters used:
c1=c2Ω ¼ 3, Δ=Ω ¼ 3=10, A0=

ffiffiffiffiffiffiffiffiffiffi
6mΩ

p ¼ 1=5, particle density
n0=ð2mΩÞ ¼ 3=13, bath temperatures T̄0 ¼ 3=10.
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measures the probability at time t of finding a particle at
location r2 given that another one is at r1. We find that (see
details in Sec. G of [14]) translational invariance and time
independence of the one-body density matrix in canonical
momentum basis [see Eq. (2)] lead to gðr1; r2; tÞ ¼
gð0; r2 − r1; 0Þ≡ gðr2 − r1Þ, and that this function is rela-
ted to the real space Fourier transform, f̃ðrÞ, of the momen-
tum occupation, fðkÞ, as follows gðrÞ ¼ 1 − ½f̃ðrÞ=f̃ð0Þ�2.
Moreover, in 2D the isotropy of fk under circularly
polarized light leads to a pair correlation that only depends
on the distance jr2 − r1j. For the gapped bath we find the
asymptotic behavior (jrj → ∞)

f̃ðrÞ ≈ −
X
n;s

ðπan;sÞðkFn;s
=2Þd−12

ðπjrjÞ2dþ1
2

sin

�
kFn;s

jrj þ π

4

�
; ð13Þ

where n, s labels different Fermi surfaces. Therefore, each
Floquet Fermi surface contributes to a Friedel-like oscil-
lation of gðrÞ with period 2kFn;s and decaying with power
1=jrj2dþ1, as we illustrate in Sec. G of [14]. Remarkably,
the above power-law correlations remain even when the
bath is at finite temperature because the Floquet Fermi
surface remains sharp, which is the behavior that we call
ultracritical. This contrasts with the Friedel oscillations in
equilibrium whose amplitude decays as 1=jrjdþ1 at zero
temperature but exponentially at finite temperatures [26]
due to the thermal smearing of the Fermi surface.
Another manifestation of a sharp Fermi surface is the

existence of nonanalyticities of dynamical correlations at
frequencies, ω, and wave vectors, q, that match energies
and wave vectors of particle-hole excitations arbitrarily
close to the Fermi surface, i.e., at the edge of the particle-
hole continuum. In equilibrium the boundary of this
particle-hole continuum smears out at finite temperatures
due to the thermal smearing of the Fermi surface [26]. To
investigate the presence of a particle-hole continuum
in our setting, we consider the unequal-time density
correlation function Cðr1; t1; r2; t2Þ ¼ hnðr1; t1Þnðr2; t2Þi−
hnðr1; t1Þihnðr2; t2Þi. Translational invariance leads to
Cðr1; t1; r2; t2Þ ¼ Cðr1 − r2; t1; 0; t2Þ. Because of the peri-
odic driving this function depends not only on t ¼ t1 − t2,
but also periodically on t̄ ¼ ðt1 þ t2Þ=2. Therefore, for
simplicity, we will focus on the correlation averaged
over one period, defined as C̄ðr; tÞ ¼ R

T
0 Cðr; tþ t2;

0; t2Þdt2=T. Its Fourier transform is (see Sec. H of [14])

C̄ðq;ωÞ ¼ 1

V

X
k;l

fkþqf̄kΦ
ðlÞ
k;kþqδðεk − εkþq − lωÞ: ð14Þ

For an FFS with radius kF we have found that this
function displays nonanalyticities at finite bath temper-
atures for [see Fig. 3(a)],

ω ¼ �kFjqj=m� jqj2=2mþ lΩ; ð15Þ

where l ¼ 0 are the same values expected for a parabolic
Fermi surface of radius kF in equilibrium [26], and l ≠ 0

are Floquet copies. The angular dependence of C̄ðq;ωÞ in
2D is nontrivial and is discussed in Sec. H of [14].
Current rectification—Recently, we demonstrated that

the steady state of a metal coupled to a fermion bath
sustains a nonzero rectified electric current even when it is
driven by monochromatic light whose frequency lies in its
optical gap [5,27], offering a counterexample to claims that
such current should generally vanish [28–32]. Here, wewill
argue that this conclusion is general and that in particular
remains valid for boson baths. The steady state current for a
single band model averaged over one period is [5]

j ¼
Z

ddkfk∂kεk=ð2πÞd; ð16Þ

where εk ¼ R
T
0 ϵðk −AðtÞÞdt=T is the Floquet energy.

Crucially, in the Floquet setting the steady state occupation
fk cannot be expressed as a function of the Floquet energy,
εk, alone. If that was the case (i.e., in equilibrium), then j
could be expressed as the integral of a total derivative over
the Brillouin zone and would always vanish. However, the
lack of detailed balance combined with the fact that the
scattering rates in Eq. (5) depend explicitly on Floquet
wave functions and scattering matrix elements prohibit
expressing fk as a local function of εk (in contrast to
equilibrium). Therefore, one expects that generically, as
long as there is no k → −k symmetries, the steady state
would have a nonzero rectified current, regardless of details
of the collisions or the precise nature of the bath. In
particular, the nonanalyticities that we have found in the
current work, or the multiple steps found in our previous
study with fermion baths [6], are not crucial for the
existence of the in-gap rectified current.
To illustrate this explicitly, we consider a 1D Bloch

band without k → −k symmetry with dispersion ϵk ¼
−t1 cosða0kÞ − t2 sinð2a0kÞ, driven by AðtÞ ¼ A0 sinðΩtÞ.
Figure 3(b) shows the current in the steady state when the
system is coupled to the bosonic bath and also the
fermionic bath from Refs. [5,6]. We see that in both cases
the rectified current is nonzero.
Generalizations and discussion—We have observed the

appearance of nonanalyticities in the fermion occupation of
Floquet bands coupled to boson baths that resemble Fermi
surfaces in non-Fermi liquids. While we have illustrated
this in detail for a parabolic band model, our results are
quite general. In fact, we can now conjecture a general
criterion for the location of the FFSs. Suppose that the
Floquet spectrum has a nonanalyticity in its DOS at a
Floquet energy ε�, e.g., arising from a local band minimum.
Suppose that the DOS of the boson bath has a non-
analyticity at some energy ω�. Then we expect the presence
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of a collection of Floquet Fermi surfaces associated with
these nonanalyticities parametrized by two integers ðn; sÞ at
the following momenta:

εk ¼ ε� þ nΩþ sω�; ð17Þ

where εk is the Floquet dispersion and Ω is the driving
frequency. We have shown that these nonanalyticities
remain sharp even when the boson bath is at finite
temperature, leading to finite temperature Friedel-like
oscillations of the density correlations, and sharp par-
ticle-hole continua edges, which are often viewed as
characteristic phenomena of sharp Fermi surfaces.
We have also demonstrated that the steady state occu-

pation of a Floquet band coupled to a boson bath generally
has a rectified current. This is a general conclusion
independent of the details of collisions, and provides a
general demonstration that there will be finite current
rectification in ideal inversion-breaking metals illuminated
by monochromatic light even when the frequency lies
within its optical gap, as we have previously argued
[5,6,27].
Our Letter illustrates how the steady states of open and

driven quantum fluids can retain intriguing quantum
characteristics. Let us summarize the key experimental
conditions to realize such true Floquet steady states of
electrons in materials. The visibility of Floquet effects is
controlled by the amplitude of Floquet harmonics, which
typically scale as jφl¼�1j2 ∼ ðevFjEj=ℏΩ2Þ2 (see Sec. E of
[14]). Therefore, in the clean limit it is advantageous to
have as low a frequency as possible, so that a small electric

field amplitude is sufficient to reach sizable values of these
harmonics and consequently there is less heating from the
continuous irradiation. But this frequency should also be
larger than the inverse electron lifetime; otherwise, Floquet
effects are also smeared. For example, in a clean material
with a lifetime of tens of picoseconds, radiations with
frequencies on the order of 100 GHz (i.e., microwaves)
would be desirable.
The above conditions are similar to those used to observe

a variety of beautiful phenomena in high-mobility two-
dimensional electron gases [33] such as microwave-
induced resistance oscillations (MIROs). MIROs are
reminiscent of quantum oscillations under magnetic fields,
but with a period consistent with a Fermi surface of area Ω,
such as the one we have found for n ¼ 1 from Eq. (10).
Therefore, there is a tantalizing possibility that an ultra-
critical Floquet non-Fermi liquid state is realized in these
materials. However, we note that we have also shown that a
Floquet Fermi liquid could also give rise to MIROs over the
same period [6], and other mechanisms for MIROs have
been proposed [33]. This allows us to reiterate that for out-
of-equilibrium settings, the details of the bath and relax-
ation mechanisms matter much more than in equilibrium.
Thus, further work is needed to fully clarify the precise
nature of steady states in these systems and to solve open
puzzles of MIROs (see, e.g., Ref. [34]). We would also like
to note that an interesting analogue of MIRO has been
reported in graphene at terahertz frequencies in Ref. [44].
Although there have been several interesting experimen-

tal studies of Floquet physics with midinfrared ultrafast
optical techniques [35–43], we believe that realizing true
Floquet steady states in clean materials with nontrivial
electronic structures remains a largely open and remarkably
fertile ground for discovering new physics. As we have
emphasized, a strategy to reach such nontrivial quantum
true Floquet steady states is to drive clean materials with
much lower frequencies.
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