SUPPLEMENTARY MATERIAL FOR: “DISSIPATION-SHAPED QUANTUM GEOMETRY IN
NONLINEAR TRANSPORT?”

This Supplementary Material provides a detailed derivation of the second-order DC nonlinear conductivity o4, for an
electronic system coupled to a microscopic fermionic heat bath. We demonstrate the derivation of the non-equilibrium
steady state (NESS) density matrix and its expansion to obtain the conductivity components presented in the main
text.

Appendix A: Microscopic Model and NESS Density Matrix

To establish a benchmark for the nonlinear conductivity, we derive the non-equilibrium steady state (NESS) density
matrix from a microscopic open quantum system model. We consider a crystalline electronic system, Hg(t), coupled
to a non-interacting, wide-band fermionic bath, Hg, which models a metallic backgate.

The total Hamiltonian is H(t) = Hg(t) + Hg + Hgp, with components given by:

w0 = [ 'y

The system Hamiltonian, Hg(t) = Ho + V(t), describes Bloch electrons (Hy) subject to a general time-dependent
perturbation V(). Ho =Y, €n|Xn){Xn|, where |x,) and €, are the unperturbed eigenstates and energies, respectively.
The indices m, n, [ hereafter are general, incorporating momentum, band, and spin degrees of freedom. This model is in
the same class of those non-interacting fermionic models often described within the Keldysh formalism [26, 59-64, 66].

The environment is modeled as a featureless fermionic bath, Hg = Zm €iln.i){¢n,i|, where each system state
|Xn) couples independently to a set of bath states |¢n,;). The tunnel coupling is Hsp = A3, ;(Ixn)(¢n,i| + h.c.).
We assume the bath is initially in thermal equilibrium, described by the Fermi-Dirac distribution fy(€) at chemical
potential 4 and temperature T = 1/0.

Tracing out the bath degrees of freedom under the wide-band approximation (constant bath density of states,
vp(w) = 1) yields the dynamics for the system’s reduced density matrix pg(¢). This procedure defines the physical
relaxation rate I' = A\?1/2, which microscopically regularizes the system dynamics.

We solve for the NESS density matrix by expanding pg(t) perturbatively in the driving perturbation V'(¢):

ps(t) = p @+ p V(1) + P (1) + O(V?). (A-2)

The zeroth-order term, or equilibrium NESS, is diagonal:

(A-1)

dw 2
O —§ b = 6,0, A-3
Pmn = O9mn [00 o Wb T F2 f0(€m + (Ub) mnPn ( )

This expression represents the equilibrium Fermi-Dirac distribution, broadened by the system-bath coupling I'. In the
ideal-bath limit (T — 0), 5o = fo(en).
The first- and second—order corrections to the density matrix deﬁne the response kernels. We express them in the

frequency domain, where V() = [ V(w)e™®tdw/(27) and p™(t) = [ p(™(w)e **dw/(27). The response kernels 5!
and p?) are found to be:
 dwy, 2T folen +wp) — folem — wp)
(1) v (1) (1) b 0\€n b 0\€m b Ad
PR = Vi) i), ) = [ G Al e ), (A-4)

and

P%(wl +ws) = Z le(wl)vzn(WQ)ﬁSil)n(wl’ wa),
l

(2) [ dwy 2T fo(€m — wp)
Prmin (W1, w2) = - 53 . .
oo 2m wi +T? [ (w1 +wa +wh + €m0 (w1 +wp + € + i)
folen + ws) foler + wyp)

+ - — — - - A-5

(w1 +wa +wp + €nm + i) (wo +wp + € +i0) (w1 + wp + € + 10) (wa — wpy + €51 + iT) (A-5)
where €,,, = €, — €,,. These expressions, derived directly from the open-system dynamics, provide the exact response
kernels for a system coupled to a fermionic bath. They differ from phenomenological models (e.g., relaxation time
approximations and imaginary frequency regularizations) and form the basis for calculating the nonlinear conductivity.



Alternative Representation

The integrals over the bath variable wy, in Eqgs. (A-3) to (A-5) can be performed using the Cauchy residue theorem.
This leads to an alternative representation in terms of the Polygamma function ¥(°). We find the broadened zero-th
kernel

1 1 €F ZF I
20 = by [Felen) 4 £(e)] =0 fal0) = 5 200 (G2 T, (A6)
where 1(©) is the 0-th order Polygamma function. Importantly,
lim p*) = L , (A-7)
=0 1+ exp[B(en — 1))

which shows that p( ) reduces to the ideal Fermi-Dirac distribution in the limit of ' — 0. Moreover, for the first- and
second-order expansions, we have

~(0) _ ~(0) rs_l)(w,em,en) +T(_1)(Wa€ma€n)

~(1) _ _Pn —Pm A-8
Pran () W+ €pm + 2110 W+ €pm + 261 ’ (A-8)
with
TS-I)(M’ €ms€n) = iFf+(€n) _+f+(€m — W)7 T(_l)(w, €, €n) = iFf_ (€n +:J_) - /- (em)’ (A-9)
w €Enm w €Enm
and
(2) (W) = pl(i)(u&) ﬁgiz(wl) r(f)(wl,o./g,em,q,en) +r(,2)(w1,w2,6m7€l76n) (A-10)
Pmin{1; @2 w1 + wa + € + 2010 w1 + wa + € + 2T ’
in which
(1) (1)
(2) T'+ (w236la€n) *r+ (wlaem — W2, €] *WQ) A
ms €l €n) = ) -11
ry (w1, w2, €m, €1, €n) T ( )
(1) _ (D
P (w1, wa, €y 1, €0) = (wr, 61 w1, e+ ) 77 (1, 6mo1), (A-12)

w1 + w2 + €nm

From Egs. (A-8) and (A-12), it is clear that the perturbative expansions of the density matrix for the system coupled
with the featureless fermionic bath, obtained by solving the open system Schrédinger equation exactly, have striking
differences with those obtained from conventional perturbation theories assuming an adiabatic turning-on (IFRs) or a
hand-given relaxation (RTAs).

Appendix B: General Expression for Nonlinear Conductivity

We now apply the microscopic NESS formalism to derive the general expression for the second-order nonlinear
conductivity, oap.. The physical perturbation V (¢) is induced by a uniform electric field E(t) via the Peierls substitution,
Hs(t) = Ho(k — A(t)), where E(t) = —0;A(t).

The perturbation V(¢) = Hg(t) — Hy and the current operator J,(t) = 0Hg(t)/0k, are expanded in powers of the
vector potential A(t). Using 9, = J,, we have:

V(t) = V() + V(1) + O(A%) = Y (=0 Ho) Ay(t) + ) %(8b8cH0)Ab(t)Ac(t) o (B-1)
b b,c

Ja(t) = JO + I (1) + TP (1) + O(A%) = (0aHo) + Y _(—0a0cHo) Ac(t) + %(aaabaCHO)Ab(t)Ac(t) +... (B-2)

b,c
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The total nonlinear current is the expectation value j,(t) = Tr[ps(t)J,(t)]. The component at second order in the

field, j((f) (t), receives contributions from all combinations of density matrix and current operator orders that multiply
to O(A?):

3 (8) = Te[p@ TP )] + Te[p () S ()] + T [ (1) IV]. (B-3)
It is important to correctly identify the sources for the density matrix terms:
o p(M(t) contains terms linear in V, so it has parts from V(1) and V®): pM(t) = pM [V D] 4 pM V@] 4 .
o p)(t) contains terms quadratic in V. The O(A2) term arises from VIOV 1 p2) () = pR [0 v
This leads to four distinct contributions to the second-order current:

3D (0 = Tl 1 0] + Trlp O VOO @) + Telp O VIO + TP v D, vOI®). (B

@ (In (I11) Iv)

The conductivity tensor oqp.(w1,ws) is defined in frequency space via j((lz)(wl + ws) = Tape(wi,ws)Ep(w1)Ee(ws). Using

Ap(w) = Ep(w)/(iw) and the response kernels from Eqgs. (A-4) to (A-5), we map each of the four terms to the
conductivity.

We introduce the operator matrix elements for the Fourier components, corresponding to the notation in: Vrflb,)L =
(m|(—=dyHo)|n), Vit = (m| (050 Ho)[n) /2, T = (m|(8aHo)|n) = —Viil, JSee) = (m|(~8a0.Ho)n) = —V,&), and
Jiabe) = (m|0,050.Hy|n)/2. Translating terms (I)-(IV) into the full frequency-dependent conductivity, we obtain the
expression:

i Z C) ~ a C) ~ a
Tonlon ) = = 3 | VAV (o, 00) T8, + Vi 48 o + o))
m,l

from (IV): p@ [V V(D] O from (III): p(M) [V (2] J(0)
~ ac abe b
VeI | (000, (B-5)

from (II): p(MD[VD]JA)  from (I): p(O) J(2)

This expression is the exact second-order conductivity for the microscopic model. The first term, pS,?ZIJy(I%C), is the

O(A?) correction to the current operator itself (term I). The second term, involving Jé,c%m, arises from the O(A)
correction to the density matrix and the O(A) correction to the current operator (term II). The final two terms,

involving J,(L?,)l, arise from the second-order correction to the density matrix, which has a component from the first-order
response to the O(A?) perturbation (term III, V(?)) and a component from the second-order response to the O(A)
perturbation (term IV, V(D1 (1),

The DC conductivity,

Oabe = lim lim Uabc(wlaWZ) ) (B_6)
w1—0 Lwas——w;

is obtained by taking two sequential limits of Eq. (B-5). The specific structure of the NESS kernels 5("), particularly their
regularization by T, decides the final form of the intrinsic (I'-independent) and extrinsic (I'-dependent) contributions.

Appendix C: Structure of Second-Order Expansion Coefficients

In this section, we provide the detailed analytical expressions for the second-order expansion coefficients of the
density matrix response kernels, ﬁﬁi% (w) and ﬁg?”(w,wg — —w), derived from the microscopic open-system formalism
for a generic multiband model. These coefficients are essential for the regularization of the DC limit and the calculation

of the nonlinear conductivity.
We define the expansion coefficients C,%;Lk) and ijl’fl) (for the specific frequency configuration w; = w,ws = —w) via
Taylor expansion around w = 0:

PO ) = CEP ok, 52 (w0, —w) =S cEm W, (C-1)
k=0 k=0
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We verified analytically that the current lim, jc(f) (w+ w') from the zeroth-order and first-order coefficients
(k = 0,1) are exactly zero, and present the results for the second-order coefficients (k = 2). The expressions are
given in terms of the Polygamma functions 1/1(”)(2). We utilize the shorthand notation €,,, = €, — €,, for the energy
difference and define the arguments of the Polygamma functions as:

1 5] . 0 1 i
T - _ 4 —0u C-2
znvi 2 D) ( l(e’ﬂ M)) Zn,jz 9 9 (Gn ) ( )

where 3 is the inverse temperature, I' is the bath-induced relaxation rate, and p is the chemical potential.

1. First-Order Kernel Coefficients

a. Intraband Coefficient: Cnln’Q)

D = g {6”2 (0 (n) + 90z, ) = 376T (0 ) + 922

+ (D)2 (69 (20.4) + ¥ (zn ) ) } (C-3)

Its Taylor expansion in I' is:

N
C® =72 LW PILRICHEY
+

+ +0(I) (C-4)

ﬁB
38474 Zi: LACY
where ¥(") is the n-th order Polygamma function, which can be converted to n-th order derivative over the Fermi-Dirac

function [see Eq. (A-6)].

b. Interband Coefficient: C,(LIT;?)

1 )
CT(L17;L2) = 87T3€;’Lm(2i1—‘ _ enm)2 l47r2(21“ + anm)Q <*¢(0)(Zn,+) + 1/1(0)(2m,+) + w(()) (Zn,—) - 1/1(0) (Zm,—))

+ 87BT €nm (il — €nim) <¢(1)(Zn,+) + w(l)(zm_))
+ BT, (20 + ienm) (62 (2 1) + 6 (2, ) ) ] (C-5)

Its Taylor expansion in I is:

e = — 5 [0 1)~ $O(D,4) — 9O (D, ) + O (Y, )] + Om) (C-6)

3
2res .,

2. Second-Order Kernel Coefficients

a. Fully Intraband Coefficient: 'z

nnn

c22) _ ipt P (zp4) — W (2 )} (C-7)
T 7680 ot "
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Its Taylor expansion in I is:

i
O = s [WW 0 ) — 09 )] +om) (C-8)

The presence of the fourth-order Polygamma function 1® is a direct consequence of the regularization imposed by the
fermionic bath. This specific analytical structure is responsible for the emergence of the intrinsic kinetic contribution

okin o fé4) in the clean limit (see Section D 4).

b. Mized Coefficient: Cfﬁfg

The expression for C\%2) is composed of terms involving ¢(©, ¢, and ®):

Cnt) = Py+ Pi + P (C-9)
where
Po= = g [#(n.4) = 6O (am4) = 6O (an, ) + 9 (2, ) (C-10)
47'('26%7” n, m, mn, m,
Benm 2 . 2 . 2 (1
P = et e (402 — 2iepp + €2,,) (200 — €pm ) %1 )(zm_)
+ (412 + 2iTepp + €2,)(20T + €)M (2, 1)
+ 2T (4T + 3i€pm ) (200 + €m) M (2 )
— 2T (44T + 3en, ) (200 — enm)21/1(1)(zm,+)] (C-11)
and
iB%e2,,

Py=— [enm(2if + €nm) V@ (2n4+) + 2T 2T + i€0m) 0@ (2.t )

Ar(4T2 + €2,.)
+ €nm (20T — € )P (2, ) — 2T(2T" — ienm)w(m(zm#)] (C-12)

Its Taylor expansion in I is:

€32l = | (W92, = 0O, O, )+ OD,))

2med, .
B i3
g S VC) ~ ot (PG e E) | o (©13)

¢. Mized Coefficient: Cﬁ{ii{

The expression for 053”2,3 involves terms up to w(s)'

1

22 __ - -
Cn2n72n - 967T4(2’LF — Enm) [QO + Ql + QZ + QB] (C 14)

where the terms Q,, correspond to contributions involving (™):
4873
Qo = — | = i(=2iT + €nm) 0 (20— ) + (2T + i) (204

4
€nm

+ (21 + i€nm) 0D (2, ) — i(=2iT + €)@ (20 4) (C-15)



€2, (210 — €pm)?

1 4 8l 4
B T e (1)
i < ere, T a, @r- enm>2> v (Z"’”]

0 = 6728 [rlz (-1~ 8§F3> POz, ) — L em) g, )

412 + 2 1 8T2(il" — €nm) 47
— 3732 (2) 2 (1 nm (2)
Q2 =307 = )+ < 2 (—l + enm)) S0 e s

Qo = POT—erm) (4012, ) 459 1)]

Gnm

Its Taylor expansion in I is:
i = SU0ED| + 1 | v
nnm g 167T €nm 8’7‘(’262 Zn,t)

B (1)(.0 8 (3)(.0
+ |: 47_[_26% 21/} (Zn,j:) + 3847T46nm ;d) (Zn,:l:)

mo4

i
4
2mep .,

(068 = 9OER) - w0 )+, ) |+ o)

d. Mixed Coefficient: C%’f&

Similarly, the expression for C,S%;% is given by:

1

(272) = 0"
22 T [Uo + Uy + Us + Us]
where
Uy = 46871— (2T + Zenm)¢( (2n 7) —i(=2iT + fnm)w(o)(2m7+)

— i(—=2iT + €)Y (2. ) + (2T + ienm)¢<0>(zm,+)]

160(T + i€pm) 1 8il3
B _GWQ’BL%m@w_enmvw(l)(z"’*)*r2 1+, ) ¥
1 0l — €
— (14412 nm D (2, -
+F2( " <(2ir_€nm)2+ €5 m ))w (o)
41 AT? + ¢
Us = 3732 (2) ) — ———nm (2) "
2 =37 an(zinenm)w (2n,+) Te2 PV (2m,+)

nm

1 41?2 2iI°
S (S T [ ., | O
+F( T ( Qz‘Fenm>>w (2, )]

13

(C-16)

(C-17)

(C-18)

(C-19)

(C-20)

(C-21)

(C-22)

(C-23)

(C-24)
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Its Taylor expansion in I is:

1 i3
(2,2) _ _~ (1)/.0
Cnm'rrl 1"2 [ 167T26nm ng F 87T E%m Zi:ﬂ} (Zm,i)]
B (1)(,0 9
i L?T%?m gw Gome) = 3847r4e Z”’
{
— @ (1/,(0)(227_) — 1/)(())(227+) —_ 77[}(0)(22%_) + 1/’(0)(3&,4-)) ] + o) (C-25)

These expressions highlight the complex analytical structure of the response kernels, characterized by the interplay
between the energy denominators (€,.,) and the relaxation rate (T'), reflecting the specific regularization imposed by
the fermionic bath.

e. Fully Interband Coefficient: C(2 2)

The fully interband coefficient involves three distinct band indices, n,m, and [, and comprises contributions from
O M and 3

(2.2) 1
= — -2
Coi 9T — e (Ro+ R1+ R») (C-26)
where
o +ienm 10 (2,4)(=2iT + €nm o +ienm 100 (2 )(=2iT + €nm
Ry :’(/J(O)(Zn,)2 o ¢ ( +)( . ) +¢(O)(zm+) LU ¢ ( )( e )
TE€nm€,,; 2MEnm€;, 2Menme€,,; 2Menme€,,; (C-27)
_ q/}(O)(zl—)(QF + i€nm) (€ 2,m + 3€ni€mi) + 1/)(0)(21+)(2F + i€nm) (€ 2m + 3€nt€mi)
27Tenleml 27T6nl€ml
I' — e l) '+ ey
—areM(s, ) L= iem Ty (s, n
B ¢ (Z )WZE%IZ(QiF+€m,l)2 +B ¢ (Z +)7T2€il(2irffnl)2
iﬂFi/J(l)(zl+) (4F2(enl + €mi) + €nm (2601 + €mi)emi + 2i0(2,, — 363,11))

+ (C-28)

2m2€2 €2 (200 + €1)?

N iBTYp M () (4F2(enl + €mi) — €nm(€nt + 2€m1)€n + 2i0(—€2,, + 3€2 ))

2m2e2 €2 (21 — €,1)?

P X G BV (2ny) | BT (2 ) (2T + eam) | BT (20) (T —enm) (1 99
2 8m3€mi(2i0 + €1) 83 (20T — €1) 8m3eni(—2iT + €n1)eim 8m3eni€im (—2iT — €my)
The Taylor expansion of the coefficient with respect to I' is given by:
1 1 1 1
c2 _ (0) _ 00 (0)(,0 _ 00
nml 1/1 ( )Wenmeil w (an) ’/Tenmeil + ¢ (Zm7> ﬂ—enmefnl w (Zer) ﬂenmeiﬂ

(C-30)

3
ﬂ-enlelm e

+ QZ}(O)(ZlO,) ( €m T+ 36ml) 1p(O)( ) (672Lm :_ ‘?’;%zl)) + O(F)

ni€im

Notably, the fully interband coefficient contributes exclusively to the intrinsic conductivity at O(T'?), representing a
contribution that scales with the Fermi sea (f,,). This result is consistent with the multiband derivations provided in
Supplementary Section E.
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Appendix D: Expansion of DC Conductivity in I’

We now compute the DC conductivity oupe = limy_y0 0ape(w, —w) for a generic two band model using expressions
from Supplementary sections A, B, and C. We perform a Taylor expansion of the full DC conductivity o4 in the
relaxation rate I' around I' = 0:

1 - 1
Uabczfa( 2)_~_7U( 1

T2 abc T abe +U(O) +O(F) (D_l)

abc

The coefficients JC(L]ZZ are then independent of I". We analyze each of these coefficients for a two-band model (n,m €

{1,2}). For conciseness we omit summation symbols for k.

1. Notations and Key Identities for a Two-Band Model

To make the derivations self-contained, we first establish our notation and key identities, which strictly follow those
in the provided analysis note.

Definitions and Notation
1. Band Energies: ¢,. Energy difference: €, = €, — ¢,. We use n to denote the band other than n (e.g.,
€nii = €n — €R)-

a
nn-’

2. Velocity Matrix Elements: v2,, = (uy|0k, H|um). The intraband velocity is v2 = v
3. Interband Berry Connection: A% = = i(uy|0k, um) for n # m.

4. Distribution Function: Here we use the convention f(e) = tanh[(3/2)(u — €)], which comes from a complex
conjugate pair of Polygamma functions in the I' — 0 limit. Its k-th derivative with respect to energy is

f,(,k) = d*f,/de*|—.,. This is related to the standard Fermi-Dirac distribution fy(e) by f(€) = 2fo(¢) — 1, and
for derivatives k > 1, f,(Lk) =2 fékg The final results in the main text are presented using fo.

5. Quantum Metric: Here we use the convention gu;, = Re(Af,A%;).

Key Identities

Our derivation relies on the following standard two-band model identities:

1. Feynman-Hellmann Identity: For n # m, v%, = —i€mnAl,,.
2. Metric-Velocity Relation: v{,08; + 00,08 = €2,(A A% + AL A = 2€2,gap.
3. Diagonal Second Derivative: v3 = (u,, |0k, O, H|un) = 0.0p€n — 2€nngab-

nn —

4. Anti-symmetric Velocity Product: Vg, = v§vly — 0808, = ie3,QL,, where Q}, = i(A{, A%, — A}, A%)) is the
Berry curvature of band 1.

2. The O(I'?) (Nonlinear Drude) Contribution

The J((L;f) is proportional to 1/T'? and is

(-2 _ 1

abc 81 [7K1f{ + KQfé] (D'2)



16

The coefficients K; and K5 are composed of two parts, involving interband velocities (K, 4) and intraband second
derivatives (K, p).

_a b ..c b, .c a b ..c b c ac, b ab_ c
K1 = 03 (v120] + v7v75) + via(vg1 05 + v]vg;) + (Vi) + 01707 €12

Kia Kip

a b, c b ¢ a b, c b . c ac, b ab, c (D-3)
Ky = v31 (03075 + v7505) + 015 (va05; + v91v5) — (V5505 + v33v5)€12
Koa Kaop
We analyze the contributions from K4 and Kp separately.
Analysis of K a
We reorganize K14 and apply the Metric-Velocity Relation (viyv8; + 08508 = 2€259ap)-
Kia = v§(v$07y + vi5v8)) 4 v} (V8,055 + v§505,) = 2635 (V5 gab + V) gac) (D-4)
Similarly, Koa = 2€25(v5gap + v59ac). The contribution to 02;02) from these terms is T1(4_2):
(=2) 26%2 c b / c b / €12 c b\ p/ c b\ g/ D
Ty = %[_(Ulgab + Ulgac)fl + (UZQab + U2gac)f2] = T[(gabUQ + gacv2)f2 - (gabvl + gacvl)fl] ( '5)
Analysis of Kp
The contribution to aigf) from the Kp terms is T,(;Q):
—2 1 €12 ac ab,.c ac ab, c
T](S’ )= Sciy [~Kipfi + Kapfs] = Sers [— (v} + viTof) f1 — (8505 + vhvs) fo]
1 b b / (D_6)
= _g ;(vzzvn + Ugnv;:t)fn
We use the identity for the diagonal second derivative: v = 0,0y€, — 2€n7gab-
_ 1
Tj(B 2) _ -3 Z [(0aOc€n — 2€nnGac)Vl + (0a0pen — 2€nigab)Vs| [ (D-7)
We separate this into an intraband part (Té;i)tra) and a geometric part (Téj;e)o):
-2 -2 -2
Té ) = Té,in)tra + Té,ge)o’ (D_S)
with
_ 1 1
Thimtea = —g 2 (Qadeent), + Dudoenvi) f1y = =5 D~ 0alvvi) (D-9)
and
Ly 1 1
Tl(nge)o Y Z(_Qenﬁxgacvz + gavVp) fr, = 4 [612 (gacvg + gapvi) f1 + 621(9%"]}2) + gab’ng)fz/] (D-10)
Using €21 = —€12:
-2 €12 c c
Té,ge)o = T [(gacvll7 + gabvl)f{ - (gacvg + gava)fé] (D'll)
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(=2)

Total Expression for o,

We combine all contributions: o' > be T( 24 T,g lilra + Tjg, g2e)0 Comparing the geometric terms Tﬁfz) [Eq. (D-5)

and 742 [Eq. (D-11)], we find they are exactly opposite:

B,geo
TP+ T2 =0 (D-12)
The total conductivity crébC ) is therefore purely intraband:
0—5;(:2) = TB 1ntra - Z a U 'U f’l/’L = 2f6,n (D—13)
n=1,2

This result demonstrates that the leading divergence (1/T?) depends only on the band structure derivatives (generalized
Drude weight) and is independent of geometric quantities.

3. The O(I') (Berry Curvature Dipole) Contribution
The term proportional to 1/T" is proportional to the first derivative of the distribution function, f’.
CD = (O f 4 Cof D-14
Oabe 4%2[ 1fl+ 2f2] ( - )

The coefficients C; and Cs are given by:

_ a b ¢ b, .c a b ¢ b, .c
C1 = vg) (V0] + v7v]y) — V75 (Vg V] + viv5)

o a b, c b ¢ a b, .c b ¢ (D_15)
C2 = —v51 (vav75 + V7505) + V5 (V05 + v3,05)
We reorganize these expressions by factoring out the intraband velocities:
Cy = v¢(v4 vl — v%ud) + vl (v& Vs, — v Vs
1(v3107, 12021) 1 (V31075 12051) (D-16)

_.cl(,a b a b br,.a ¢ a ,.c
Cy = v5(v]9v3; — v91V13) + va(Vivs; — v31075)

The anti-symmetric structure suggests a connection to the Berry curvature. We analyze the velocity combination

Vap = v 08, — v8508, . We utilize the Feynman-Hellmann identity (v%,, = —ien, A%,,)-
Vap = (—i€12A3) ) (—iea1 Ay) — (—ien Afy)(—ie12A5)) = (—1)(e12621)[A3, A}y — ATy AS)] (D-17)
= 6%2(1451141172 - A?QASI) (€12€21 = _€§2)-

The Berry curvature for band n in a two-band system is defined as Q7 = i(A2, A% — A%_A2 ). For band 1:
Ol =i(A9,A5, — A%, A%)). We relate the term in Vj; to QL

A§1A[f2 - A?2A31 = _(A?2A31 - A?2A31) = _(_iﬂéb) = iQtlzb (D'18)
Substituting this back into V,; [Eq. (D-17)]:

Vap = ie500, (D-19)
We substitute the expression for V,; back into the coefficients Cy and Cy [Eq. (D-16)].
C1 = ie2,(viQL, + 020! ), Cy = —ie2y(v5QL, +v5QL ) (D-20)

Finally, we substitute C; and C into the expression for o' bc) [Eq. (D-14)]:

(-1 _ 1

Tabe = _472(1'5%2) [(vfQhy, + 00 ) f1 — (052, + v5Q ) f5]
X ‘12 (D-21)
=1 (0§ Q0 + 01 f1 — (05, + v3Q.) f3]
Using the property that the Berry curvature is opposite for the two bands (22, = —QL,), we can write this compactly:
1 comn n
O-z(zbc) 4 Z (UnQab + UZQac)f'rlm f'r/L = 2f6,n (D-22)

n=1,2

This term is a Fermi surface contribution related to the nonlinear anomalous Hall effect (NAHE).
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4. The O(°) (Intrinsic) Contribution

This is the central result. The I'° term, 0

b 15 composed of five distinct terms from the I'-expansion, which we

group based on the power of the inverse temperature 3: o0 = To+T1+T5+T5+ Ty.

abc

Term 4 (~ B*, f¥)

This term is proportional to the fourth derivative of f(e):

1 1
Ti= Y s = X gl (029

n=1,2 n=1,2

which is a purely intraband contribution.

Term 3 (~ B%, f®)

This term is proportional to the third derivative.

1 (3) (3)
3 48612 |: L1 2f2 :| ( )

The coefficients K, contain terms involving interband velocities (K, ) and second derivative matrix elements (K,p).

_ a b ¢ b, c a b ¢ b, c ac, b ab_ c
K1 = vy (01507 + v7v15) + via(vayv] + v1v5;) + (viv] + vi107)€12

Kia Kip
a b c b ¢ a b c b ¢ ac, b ab, c (D_25)
Ko = v3; (vgv]5 + v7905) + vi5(vav5; + v5105) — (V5505 + V55v5)€12

Koa Kop

We analyze the contributions 754 and T3p separately. Using the Metric-Velocity Relation, K14 = 26?2(vf9ab + v’l’gac)
and K4 = 26%2 ('Uggab + Uggac)'

For T4,
2¢2 c 3 c 3 €12 c 3 c 3
T3A - 12 (Ulgab + Ul{gac) 1( ) - (v2gab + vggac) 2( ):| = a1 |:(gabvl + gacvllj) 1( ) - (gabUQ + gacvg) 2( ):| (D_26)
48612 24
For T337
1 €
Top = o — |[Kip Y — Ko f¥] = 222 |(wigod + otof) £ + (usel + vggos) 157
48612 48612
— i (Uac Ub + ,Uab vc)f(S) (D_27)
48 — nn-n nn-n n
We utilize the Diagonal Second Derivative Identity: v%’l = 0q0p€n — 2€n79ab-
1
TSB - Z8 zn: [(6(1606” - 26n’ﬁgac)vz + (aaaben - 2€nﬁgab)vfl] f7(13)7 (D—28)
and separate this into intraband derivative terms (T3%') and geometric terms (T35°):
; 1
intra __ _— b cy £(3)
T35 = 48 Z(aaacenvn + OaOpenvy) fr, (D-29)

n

; 2
T;}S’ter = _@ Z €nn (gacvrlr)z + gab”fz)fr(zg) (D—30)

n
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Since €21 = —€12, we find TiRT = —Ts4.
For Total T3, the geometric contributions cancel exactly: T5 = T34 + T3 = T3H*™. We recognize the intraband
term as a total derivative: 0,0.€,08 + 0yOpenve = Oy (vEVE).

1 b,.c 3
T3 = @ Z 3a(vnvn)f7(L ) (D—Sl)

n=1,2
This is also a purely intraband contribution.
Term 2 (~ 5%, f®)
This term is proportional to the second derivative.
T = é zn: vl (V31055 + 705, ) (D-32)
Applying the Metric-Velocity Relation:

1 a 4(2)
2= 462 Z” (2€1290c). 9b ZU Fa (D-33)

Term 1 (~ B, fV)
This term is proportional to the first derivative. By matching coefficients:

Ti= 5 [c'f“’ cajé”} (D-34)

The coefficients C; and Cy are:

__..a b ¢ b,.c a b ¢ b,.c a/(, b ¢ b ¢
C1 = 3 (V1207 + V105) + V19 (vy, V] + Vivgy) — v (V1 VT + V1av5)

a (,.b,.c b ¢ a (,.b,.c b ¢ a(, b ,.c b ¢ <D_35)
O = v3 (V3075 + V7505) + V15 (V305 + v91v5) — v5 (V91 V] + V1505;)
We reorganize C; and apply the Metric-Velocity Relation:
b b b b b
C1 = v (03,075 + viava1) + 17 (V51075 + V1505, ) — VT (V51015 + V7505;) D-36
— c 2 2 b 2 2 o a 2 2 ( - )
= V7 (2€739ab) + v1(2€129ac) — V1 (2€129bc)
C5 follows similarly. Substituting these back into 77:
_ 26%2 c b a ! c b a /
T = 2¢3 [(Ulgab + V19ac — vlgbc)fl - (UZQab + V3G9ac — 'UQch)fz]
1612 (D-37)
= (v gab + V7 gac — Vi gbe) f1 — (V59ab + V5Gac — V5 gbe) f3)
Term 0 (~ 8°, f)
This term represents a Fermi sea contribution at first glance:
T0:f1_4f2 x Cy (D-38)
2€79

The coefficient Cy is decomposed into three parts (A, B, E):
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b b
A = 3(vy — v7)(vg Vs + v]3v5)
b b b b
B = (v3 — v7)(v3;0]5 + vi5v51) + (v5 — 1) (Vg 075 + viav) (D-39)
E = (v§{v}y + vi5vs; + v5ivi, + vi5vs Jero
For Part A and Part B we use Metric-Velocity Relation

A= 3(v§ — v])(2€1295c) = Gefagne(v5 — vf) (D-40)

B = 2¢5[gac(vy — v7) + gap(v5 — vf)] (D-41)

For Part E, we define Sup.. = v320$y + v$505;. Then E = (Saep + Sapc)€12. We use the Off-Diagonal Second
Derivative Identity: v3® = 9,0t =~ —i[A% 0% .

nm
Sabie = (8av12’1)vf2 + (5avlf2)v§1 — iKqbye = aa(vglvb) — iKap;e (D-42)
where Kup.. = [A%, v°]910§y + [A%,0%]1205;. We consider the symmetric combination required for E:
Sacp + Sabe = Ba (05075 + 05y 055) — i Kape (D-43)
where Kgpe = Kaep + Kapie. We use Metric-Velocity Relation for the term inside the derivative:
Sacip + Savie = 9a(2€12gbe) — iKabe (D-44)

We evaluate the commutator term K ;. and check its gauge invariance. In a two-band system, the commutators are:

[A”, Ub]12 = A61L2(UZ2) - vlf) + Ulfz(Acfl — A%)

a a a a (D_45)
[A%, v%]91 = Ay (v] — v5) + v5, (A%, — AT))
Substituting these into the definition of Kg..:
Kape = (v5 — v])(Afyv5) — A3 05y) + (Af) — A%,) (1505, — v510f5) (D-46)
When calculating Kupe = Kacip + Kabie, the gauge-dependent part (proportional to Ay — A%,) is:
Pyauge = (AT} — A%,)[(05508) — v5,005) + (v¥505) — v3,v5,)] (D-47)

Since the velocity matrix elements commute (v2,, 0%, = v%,02, ), the terms inside the bracket cancel exactly: Pyauge = 0.
This explicitly confirms the gauge invariance of E.
The remaining gauge-invariant part of K. is:

Kape = (v3 — Uf)(A‘fzvgl - Agﬂ)lﬁ) + (Ug - sz)(A(f2U§1 — Ajvis) (D-48)
We evaluate the bracketed terms using the Feynman-Hellmann identity.
A(112v12]1 - Aglvlb = A?2(_i612A31) - Agl(_i@lAlﬁ) = _i512(A(112A1271 + AglAlfz) = —2i€129ab (D-49)
Substituting this back into Kgp.:
Kope = —2i€12 [(Ug — v])9ab + ('US - Ulf)gac] (D-50)
Now we assemble the expression for Sqc.p + Sap:e (Eq. 28):
Sacit + Sabie = 9a(2e12gbe) — iKabe = Da(261391c) — 2612 [9ab (05 — vF) + gac(v5 — v7)] (D-51)
We expand the derivative term, using J,€12 = v{ — v§:

811(26%29170) = de12(0a€12)gbe + 26%2 (8119170) = 4e1n (Uil - Ug)gbc + 26%2 (8119176) (D-52)
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The complete expression for E = (Sgeb + Sabic)€12 is:
E = 46%2 (v = v3)gbe + 26?2 (Oagve) — 26%2 [gab(’US —vi) + gac(vg - Ull))} (D-53)
We sum the results A [Eq. (D-40)], B [Eq. (D-41)], and E [Eq. (D-53)]:

Co = 66€3595c(v5 — v§) + 2€15[gac (v — V8) + gap (v — vf)] +E
A B

(D-54)

We group the terms by the geometric quantities:
Co = €1290c[6(v5 — vf) + 4(vf —v3)]
+ €29ac[2(v5 — v]) — 2(v5 — v})] (D-55)
+ €199ab[2(05 — vf) — 2(v5 — vf)] + 2€15(0agbe)
The terms proportional to g,. and g, cancel exactly.
Co = 26%291:6(”(21 —of) + 26?2 (Oagbe) (D'56)
Substituting the simplified Cy back into Ty [Eq. (D-38)]:

(VY —v¢ Oy Gbe
TO — (f]_ _ f2) |:gb ( 22 1) 4 b :| (D—57)
€12 €12
Since v§ — v§ = —(94€12), this expression is recognized as the quotient rule for a total derivative:
(Oagbe)€12 — gbe(Da€i2) YGbc
To= (- f) | o2 = (i~ o (22). (D-5%)
€12 €12

ITI. Transformation and Final Expressions

We use integration by parts (IBP) in k-space, [(9,4)B = — [ A(8,B), to simplify the expressions and group them
into physical Fermi surface contributions.

A. Kinetic Contribution

The total kinetic contribution is o = T3 + T,. We apply IBP to T3 [Eq. (D-31)] with respect to k.

abc
IBP 1 b, 3)
15 — - Z8 . (vnvn)aa(fn ) (D-59)
Using the chain rule 0, fr(f)’) = 7(14)1;%:
T3 sz non Y *§T4 (D-60)

The total intraband contribution simplifies to:

1 1
ggé T3 +T4 - T4 = Z 8 Up Uy nf(4) = Z 24vnvnvn 0(4727 f’I/L = 2f6,n (D—Gl)

n=1,2 n=1,2

This result highlights that the specific mechanism of dissipation (fermionic bath) dictates the NESS structure such
that a purely kinetic, ballistic response survives in the intrinsic (I‘O) limit, originating from the Polygamma functions
discussed in Section C2a. This contrasts with models assuming RTAs.

To improve numerical stability, we can reduce the order of the derivative on the Fermi function by integration by

parts over the Brillouin Zone, and rewrite o as:

kin __ 1 63€n (2)
Oabe = zn: ok akbak 0,n" (D'62)
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B. Geometric Contribution

We apply IBP to Ty [Eq. (D-58)] to transform the Fermi sea term to the Fermi surface:

T 25 - ] () = et - o) (22) = g (ZEUAL (D-63)

€12
The total interband Fermi surface contribution is U”}fer FS — Ty + Ty + T». We combine the f' terms from Ty and Ty
[Eq. (D-37)]:
1 a a C a C a
TO + Tl = a [gbc(vz fg/ — Uq f{) + (Ulgab + Ul{gac - Ulgbc)f{ - (UQQGb + Uggac - UZch)fé] (D_64)
Grouping terms by f] and f}:

1 :
To+Ty = a [f{ (V5 gab + 'Ull)gac — 207 Gbe) — fé (v3gab + 'Uggac - 2’Uggbc)] (D-65)

The total geometric contribution, including 75 [Eq. (D-33)], is
1
0o = e D vify + (To+Th) (D-66)

We transform the f” term (7%) into an f’ term using IBP. We use the identity v2 2 = Aa(f)).

7, = S (500e)0u(12) (D-67)

n

Applying IBP w.r.t k,:
7 —Z{ L) ] i = SO+ 1) (D-68)

This transformation explicitly reveals the intraband quantum metric dipole contribution, —d,gs./2. Physically, this
term corresponds to the Fermi surface contribution arising from the gradient of the quantum geometry, which governs
the deformation and geometric shift of wave packets under the external field.

Substituting this transformed Ty and (Tp + T1) [Eq. (D-64)] into 0®,° and grouping terms by f/:

abce

geo

1 1
Uabc = fl |: ( agbc) + ?(Ufgab + U?gac - 2U(119bc):|
2 (D-69)

1 1
15|~ 5 0ute) = (05 + e — 20800
€12
We rewrite the expression for band 2 using the energy denominator €2; = —€15 to achieve a symmetric form:
geo 1 1 5
Oabe = fl - ( OaGbe) + — €1z (gapvi + gacvl GbcVT)
1 1 (D-70)
+ fé {_2(6&9%) +— €21 (gabvs + gacUQ 2gbcv2)]
This can be written compactly using €, (where €;7 = €12 and €93 = €91):
geo / 1 1 / /
Oabe = Z 2f0.n _i(aagbC) +— (gabv + gacv =2gcvp) |, fo= 2fon (D-71)
nn

n=1,2
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Appendix E: DC Conductivity of Multiband Model

We now consider a general multiband model to calculate the DC conductivity cape = limy,_0 Ggpe(w, —w), and
demonstrate that the results obtained for the two-band model in Supplementary Section D can be generalized to an
multiband system. The derivation procedure remains essentially similar to that presented in Supplementary Section D.
In the following derivation, we utilize abstract band indices (n,l,m € {1,2,..., N}), rather than the specific indices.

1. Notation and Key Identities for a Multiband Model

In Supplementary Section D 1, we defined the notations and key identities specific to the two-band model. However, to
investigate multiband systems, this formalism must be further generalized. We summarize the necessary modifications
and extensions below:

Definitions and Notation

a
m*

1. Group Velocity Difference: A%, =% —v

n

2. Summation over band indices: Z/p where I represents the set of indices to be summed, and the prime (') in the
superscript denotes that all indices in the expression must be mutually distinct.

3. Multiband Berry Curvature: Q2 =3 (A2 Ab ~— Ab A% .

mn mn

4. Multiband Quantum Metric: g2 = 3 Re(A%,, A ).

nm mn

5. Multiband Band-renormalized Quantum Metric: G2 = 3/ Re(A2,,Ab . /enm).

Key Identities

1. Multiband Metric-Velocity Relation: > (v, 08+l 08 )/€2,, =292

nm-mn

2. Multiband Band-renormalized Metric-Velocity Relation: Y. (v, v5,, + vl vl ) /e, = 2Ga.

nm-mn mn

3. Multiband Diagonal Second Derivative:

b a
e v =+ U v,
al;l 9aab€n Z/ nm“mn nm“mn (E—l)

enm

4. Multiband Off-diagonal Second Derivative:

b a a b a b b ,a
vy A v A v&v v v
UZ%:_ZRZ% nm+ nm—/nm 4 nm=—"nm _E;( nl¥lm _ “nl lm). (E-Q)
€Enm €nm €nl €lm
where the shift vector is defined as R% = id,In A%, + A2 — A2, .
5. Multiband Curvature-Velocity Relation: Y (v, vb = —wb e V/e2 = —iQab.
2. The O(I'?) (Nonlinear Drude) Contribution
The I'"2 contribution, ol obo 2 i given by:
b b
Oz(zbc E f(l) [UZ%UZ + U'er)z ’fb 4 Z ( c mnvnm + Umnvgzm + U*Z Ug@nvim + Ufnnv’zm )} (E-g)
€Enm €nm

By using the property of Diagonal Second Derivative, the expression can be significantly simplified to:

1
Uibf) gznf'y(Ll) (aaacenvg + 8aab€nvz> = Z 6 ( )f (1) (E-4)

Since the Drude contribution involves only intrinsic properties, this result constitutes a direct multiband extension of
the two-band model.
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3. The O(I'') (Berry Curvature Dipole) Contribution

The I'"! contribution, O'((lbcl), is derived as:

vl v vl b UmnUnm = Uran?

O-;bcl) anf 1)( c mn nm2_ mnYnm +vn 2_ mn nm) (E—5)

enm €nm

By utilizing the multiband curvature-velocity relation, we can express this contribution in terms of the Berry curvature:
1
05 = T A0 (vt + b (E-6)

This result represents a natural generalization of the two-band case, achieved by replacing the two-band Berry curvature
(defined via the anti-symmetric velocity product) with its multiband counterpart.

4. The O(T°) (Intrinsic) Contribution

Following the calculation scheme in Supplementary Section D 4, we expand Jig)c in powers of the inverse temperature

B:
o) =Ty + TV + To+ T3 + Ty, (E-7)

which we investigate term by term below.

Term 4 (~ B*, f@)
This contribution is proportional to the fourth derivative of Fermi-Dirac distribution:

Z v b e ) (E-S)

n 7L

Term 3 (~ 3°, f®)

This contribution is proportional to the third derivative of Fermi-Dirac distribution:

3
T3 _ z 'f(L ) |:Uac Ub + ,Uab c + E ( nmv’rcnn + U'rczmvgnn + UTCI U%mvfnn + UZm”’?ﬂﬂ)} (E-Q)

Enm enm
Then, we utilize the property of Diagonal Second Derivative to simplify the expression:

1
"2 x 4!

I = Zn2 ST (Budecnvh + 0u0yenvs) 150 = 32 Da (v ) (E-10)

Term 2 (~ B%, f*))

This contribution is proportional to the second derivative of Fermi-Dirac distribution:

1 v e 4l b
_ 2),.a UnmUmn nm“mn
T2 - anf( 2
4 €rm

(E-11)

By using the Multiband Metric-Velocity Relation:

1
Ty = 53, 000 (E-12)
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Term 1 (~ ', f)

This contribution is proportional to the first derivative of Fermi-Dirac distribution:

ro 1 (1) [,,b ’U?Lmvfnn + Ugmv;znn g U?LmUZ"Ln + U?Lmvfnn Ufnnvfnn + vvczmv'?nn
0= I [ . + oS . — ol . } (E-13)
Applying the Multiband Band-renormalized Metric-Velocity Relation:
1= 50, £ [vhgas + va it — iG] (E-14)

Term 0 (~ 8°, f(0>)

Up to this point, our calculations for the multiband model show that terms 77 through T are consistent with the
two-band model. While T appears to introduce additional multiband contributions, we can demonstrate that these
extra terms vanish. The explicit form of Tj is:

b c c b a c c a a b b a
Th = Z’ lf 3Aa Unmvmn + Unmvmn 4 Ab vnmvmn + vnmvmn 4 AC Unmvmn + Unmvmn
0= nm n mn 4 mn 4 mn 4
€nm €nm €nm
a b c a ,.c b a ¢ b a b ,c a ,b ,c a ,b c
+ Z/(vlnvnmvml + VinYnmYmi UniVimYmn UniVimVYmn _ Ui VinYnm o Vim YmnUni (E—15)
l
€lnEinn €n€inn €ln€inn €lnEon Emi€on Emi€n
a ,,b c a b .. ac ,,b ac ,,b ab ,,c ab ,,c
_ UiniYnmVin _ ’Ulmvnlvmn) _ VnmUmn _ UmnUnm _ UnmYmn _ Umnvnm:|
677116?7177, 6Tnle?nn 61fnn 6%nn 6g)nn 6?nn

Applying the key identity Off-diagonal Second Derivative, we collect all multiband contributions (denoted as M)
arising from: (1) the explicit expression of Ty, and (2) the expansion of the off-diagonal second derivative.

b c b

a a ,c b a ¢ b a c
M = Z’ lf VinVnmYmi + VinUnmUmi UniVimYmn, UniVimYmn
- nml 2 n 3 3 3 3
6lTLemn €lne'n’m 6l’ﬂemn 6lneﬂwz
a ,b ,c a ,b c a ,b c a b ¢
_ UniVinYnm _ Vim VmnVnl _ UniVnmVin _ Ulmvnlvmn)
emleénn EMlG%Ln EWLZe?rm emlegnn (E 16)
a ¢ ,b c ,a b a ¢ b c a b
4 (Unlvlmvmn _ UniVimYmn 4 UmiVinYnm _ UmiVinYnm
6’ﬂleg’nn 6lmeg’nn 6mle?nn 6le?”nn
a b ,c b ,a ,c a ,b ,c b ,a ,c
UniVimYmn o UniVimVmn Ui VinYnm . ’Umlvlnvnm)] =0
enlegln elmegln €ml€§nn 6ln€%"m

Consequently, only terms involving two-band indices contribute:

b c c b a c c a a b b a
T =S 1 3A® VpmVmn T VnmVmn Ab VpmVmn T UnmYmn AC VnmVmn T UnmYmn
0= an ifn mn 4 + mn 4 + mn 4
nm €nm €nm
ve, vl NS gt b AC b R TLINAN v® b AC

1
; ac C b nm-mn nm-"mn nm - ac C mn -nm mn mn-nm mn
- —( — 4RI Ve v+ + — iR Ve v+ + (E-17)

mn €nm €nm €mn €Emn

b c a a c b b c a a c b
_ -Rab b c 4 ’UnmvmnAnm + Un'rnvmnAnm _ -Rab b ¢4 UmnvnmAmn =+ ’UmnvnmAmn
We utilize the properties of shift vector —i(R%, + R Yo¢, vt = €2 0,(AS, AL )
c b b c b c c b
T =5 1 aa(AnmAmn + AnmAmn) A UnmVmn T UnmVUmn (E 18)
0= anffn +Ann 4 -
Enm Enm

By further applying the Feynman-Hellmann identity and the definition of the band-renormalized quantum metric,
the final expression is shown to be proportional to the derivative of the band-renormalized quantum metric:

¢ b b ge
[aa(AnmAmn+A"mAm")+(Ab AS, + AS AP )8a(i)}

1
Tp = Z/nmffn E nm*“imn nm*tmn g
1 Ac, Ab 4 Ab AC (E-19)
:anm§fnaa( nm* mn nm mn) :annaaggc

enm
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5. Transformation and Final Expressions

We employ IBP in k-space to simplify the expressions and facilitate a comparison with the two-band model results
presented in Supplementary Section D 4. Our derivation reveals that the final expressions of o((l%)c represent a natural
generalization of the two-band model; the analytical form remains identical, requiring (1) the extension of the band
summation index from n € {1,2} ton € {1,..., N} (2) replacing the two-band (Band-renormalized) Quantum Metric

with their multiband counterpart. The detailed results of this derivation are summarized below:

A. Kinetic Contribution

The total intrinsic kinetic contribution is oXi% = T} + T3. By performing IBP on T3 with respect to k,, we obtain:
T3 IBP 72 1 ('Ua'UC Ub )f(4) — *1T4 (E—20)
n2 X 4' n"n-n n 2
Summing the resulting terms yields:
okin _ lT =y 1 f f 2f(4) (E-21)
abc 2 4 n 48 UpUnUp ’

B. Geometric Contribution

The rest of intrinsic contribution is geometric o0 = T5 4+ T + Tp. First, we apply IBP to Tp:

5 = g (E-22)
Next, performing IBP on 75 leads to:
1
L R (E-2

Combining the above contributions with 77 [Eq. (E-14)], we arrive at the final expression:

522 _ 772 f agn +30, ¢ M |y gac 08 gab _ vagbc} _ Znﬁ(zl)v;lzgzc
(E-24)

N ] [T T P L o R SRV

This expression closely mirrors its two-band counterpart (Eq. D-71), yet entails a multiband generalization: the term
Jab/€nin is now replaced by (or generalized to) the multiband band-renormalized quantum metric G2°.

Appendix F: DC Conductivity from the Low-Frequency Limit of Second-Harmonic Generation (SHG)

In experimental practice, the low-frequency SHG conductivity, oape(—2w;w,w), is often preferred over the rectified
conductivity, ogqpe(w, —w). Typical experimental frequencies range from 10* to 10 Hz, which are significantly lower
than the scattering rates in most materials. Consequently, these measurements can be effectively treated as the
low-frequency limit (w — 0) of the SHG response. To better align our theoretical framework with experimental
observations, this section elucidates the SHG response in this limit.

We adopt a procedure analogous to the calculation of the rectified conductivity illustrated in Supplementary Section A,
B and C: specifically, we evaluate the low-frequency limit of the response function to extract the frequency-independent
nonlinear transport coefficients, and subsequently perform a relaxation-time expansion around I' = 0:

1 sHg(-2) 1 ,SHG SHG(0
ElfiG = ﬁaabc - )+ T ab(' - )+ ab(' +O( ) (F_l)
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1. The O(I'"?) (Nonlinear Drude) Contribution

The I'"2 contribution is given by:

oSIOCD 3 Pl + z S0 v b, + v + vl

v b a a Ub E b (F-2)

a C C c

n

By applying the properties of the diagonal second derivative (as detailed in Supplementary Section E) and performing
integration by parts (IBP), we obtain:

aj?f(‘” =3, [ FPutobog + f 1) (Dudeenvh + Ouadhenvs +40,Decenvy )|

772 (Unvn)

Consequently, we find that in the low-frequency limit, the nonlinear Drude contribution to the SHG is identical to the
corresponding expression for the rectified conductivity.

(F-3)

2. The O(T™') (Berry Curvature Dipole) Contribution

The I'~! contribution is expressed as:

b b a a c c a
SHG(-1 c mnvnm ~ UmnUnm UmnYnm — UmnUnm
O abe v = _4anf(1)( €2 + ’Ufb €2 ) (F'4)
Utilizing the multiband curvature-velocity relation:
oSO = T, 10 (vt + b ) (F-5)

From this result, it is evident that the I'~! expansion of the SHG is directly related to the Berry curvature, and its
expression is identical to that of the rectified conductivity.

3. The O(IY) (Intrinsic) Contribution

Analogous to the rectified conductivity, the SHG I' term JS,I){CG(O) is expanded in powers of the inverse temperature
[ as follows:

SHG(0
S ) _ TOSHG 4+ TSHG | TSHG | TBSHG + TSHG, (F-6)

Term 4 (~ B, 1)
The fourth-order SHG contribution (71%) is the negative of the one of the rectified current [Ty, Eq. (E-8)]:

1
TSHG — —T4 — _4' UanUC (4) (F-?)

Term 3 (~ 8%, f®)
The third-order contribution to the SHG response, T5%¢ | is expressed as:

T38HG - _ Z f(3) [,Uac ’Ub + Uab v —+ 4,ch V%

@ b a a c c a b c c b (F_S)
+3 + v, + 4y,
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By utilizing the properties of the Diagonal Second Derivative, we can simplify the expression to:

T3SHG = 2 i 4! an123) |:6aac€n8b€n + aaabenacen + 4abac€n8a6n:| (F-g)

Term 2 (~ 6%, f*))
The second-order SHG term T$HC is found to be identical to its counterpart in the rectified current:

31 = Z FPvagn (F-10)

Term 1 (~ B, fV)

The first-order SHG term TPHC is given by:

b a a v b a

1 vh v 4ol ob v v+ s v v U v
TPHG:*Z/ (1) |:’Ua nm“mn nm“mn ) b “nmYmn nm“mn +,U;:l nm-“mn nm mn] (F—ll)

nm n 3 Up, 3 3
2 € m € €m

By invoking the multiband band-renormalized metric-velocity relation, this expression can be simplified as follows:

THHG = =5, 0 [hGae + vigat + vigle (F-12)

Term 0 (~ (°, f(m)

The simplification of the SHG term T5HC is the most analytically involved step. For clarity, we decompose the
initial expression into five distinct components:

a b c a b b a b a c c a
lz/ f A ( mnvnm + vmn nm) Anm( UmnYnm + vmnvnm) + 7Anm (Umnvnm + Umnvnm) (F—IS)
- 9 £=nm n el el €l
nm nm nm
ac ,,b ab ,,.c ac ,,b ab ,,.c be ,,a be ,,a
TSHG _ 712/ f UnmYmn + UnmYmn + UnminUnm + UmnVYnm 4vnmvmn 4vmnvnm (F—14)
02 gammdn (3 €3 €3 €3 €3 €3
nm nm nm nm nm
b c a b ,c a b ,c a b c
SHG nlvmnvl UniVimYmn VinUmiYnm VinYnmYmi
Tos ™ = _7anlf n 3 3 3
Enle Enlenm fnle enle (F 15)
a ,b c b a b ,c b -
_ VimYmnVni _ ’Ulmvnlvmn _ Ui VinYnm _ vmlvnmvln)
elmeim elmeim Elmeglm qu?fbm
b a b ,c a b ,c a b c
SHG 72 f nlvmnvl Unlvlmvmn vlnvmlvnm Ulnvnmvml
nmlImA 2 2 2e2 2e2 2 ez
a b e " b n b n b ,c " (F-16)
_ Vim YmnVni _ vlmvnlvmn o Umlvlnvnm o vmlunmvln)
2 2 2 .2 2 2 2 2
€Eim€nm €imEnm €imEnm €imEnm
b c a b ,c a b ,c a ,b c
o UniVmnVim nl“lm“mn n-ml“nm nYnmYm
TSHG 22 f l’U Ul + v l”l v + ’Ul v l’U + Ul v v 1
nmlJmn 3 3 3
e ni€nm €a16nm €ni€nm €a16nm (F 17)
a ,b c b a ,b ,c b -
_ VimYmnUni _ vlmvnlvmn _ Ui VinUnm _ Umlvnmvln)
3 3
€mEin 6lmeln €mEin 6lmfln

The terms TgH, TgHC, and TgHS explicitly contain multiband contributions. Meanwhile, T4 involves the Off-
diagonal Second Derlvative; based on our analysis in Section E, expanding this term using the properties of Off-diagonal
Second Derivatives will yield a series of additional multiband contributions.
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Starting from TSHG7 we expand the Off-diagonal Second Derivatives first and decompose the shift vector into
two distinct components: the logarithmic derivative i9,(In A%,,) and the difference in intra-band Berry connections

(Afrlzn - Aamm) .

TSHG 7721’7,771 3 [ (ln A%m)vimvfnn + 8 (hl Ab ) Vpm mn + a (ln Agnn)”fnn”%m + 6 (hl Ab n) mnvam

+28 (lnAb ) Unm mn+28 (IHA n) Umn¥ nm—‘f_28b(1n‘4C ) rCLm mn+28b(1nA n) anng
721(146 7Ac ) VpmUmn 721(‘46 7AC ) UmnUnm 72Z(Ab A?nm) TCLm Umn 2Z(Ab Agn)vfnn’U?Lm

a b c a b a b a c c a
A ( mnvnm + U'nmvnm) +5 Anm( UmnVUnm + Umnvnm) +5 Anm (Umnvnm + ’Umnvnm)
€nm €nm €nm
b ,c ,a c b ,a c b ,a b ,c ,a c b ,a b ,c ,a b ,c ,a c b ,a
+ Z; ( o 2vnlvlmvmn o QUnlvlmvmn o valvlnvnm o 2vmlvlnvnm + QUnlvlmvmn + Qvnlvlmvmn + 2vmlvlnvnm + QUmlvlnvnm
€nl €nl €nl €nl €lm €lm €lm €lm

a b c a b ,c a b ¢ a ,,b c a b c a b ,c a b a b c
_ UntVmnVim _ UniVimYmn _ VinVmiVnm _ VinVnmUmi 4 Vim VmnVnl + Vim YniVmn 4 ViniVinUnm + ’Umlvnmvln)}
€nl €nl €nl €nl €lm €lm €lm €lm
(F-18)
We first notice the last two lines cancel T35, Then we try to rewrite Berry-connection-difference part like (AS,,
Ac

)08 08 by using properties of off- dlagonal second derivative again:

. c c b b c a
- Z(Am - A n) mnvnm - (A - A m)vnmvmn
_ c c b b a a c
- _80« (ln Anm)vnmvmn - 8 (IIIA ) UmnUnm + a (IHA ) UnmVUmn + 6b(1nA ) mnvnm
c ,a b a ¢ b b a ,c a ,b ,c a ,¢ b c ,a b a b ,c b ,a ,c
+ Z/( o UniVimYmn + UniVimYmn o UmniVinVUnm + UniVinYnm + UniVimVmn . UntVimYmn + Ui VinUnm . vmlvlnvnm)
l
€nl €lm €ml €in €nl €lm €ml €ln

(F-19)

By combining T55¢ and TSHG we can decompose the resulting expression into a two-band term, TOS 12{5_}3 two-band

and a multiband contribution, TOS 12{53 multiband,

SHG SHG SHG
TO 243 — T

= _7an 3 |: (lnA%m)vamvfnn +8 (lnAb ) UnmYmn +6 (lnA%Ln)’UrcnnUfzm +8 (lnAb ) an;m

b c c a c c a
+ 28 (ln Anm) UpmUmn T 28 (ln A ) UpnUnm T Qab(ln Anm)vnmvmn + 231,(111 Amn)vmnvnm
+ 26 (ln Aa )Umn Unm + 28 (ln Aa ) Zm Umn + 261)(111 A;lnn) gnn Unm + 265(111 Aa )UZmU'Snn
c b c c c
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At this stage, we shall now group the multiband contributions:

M= TSHG multiband TSHG TSHG

0,243
a b ,c a b c
_ _12/ f 2vnlvmnvlm 2/Unlvlm mn 2vlnvmlvnm 2vlnvnmwml
- nmlJn 2 2 2 .2 2 .2 2 .2
2 €ni€nm €nl€nm €ni€nm €ni€nm
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_ 2Ulmvmnvnl _ 2vlmvnlvm valvln nm 2Umlvnmvln
2 2 2 2 2 2 2 2
€imEnm ‘Elm‘E €imEnm €imEnm
a b c a b ,c a b c
4Unlvmnvlm dug lvlm mn 4vlnvmlvnm + 4Ulnvnmvml
€3 3 3
€n1€nm €n1€nm €n1€nm €n1Enm
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_ 4Ulmvmnvnl _ 4Ulm’UnlUm 4’Uml/Uln nm _ 4Umlvnmvln (F 21)
3 3 -
€mEin €mEin Elmeln elmfln
b c b ,a b b c ,a
9 nlvlmvmn 2vnlvlmvmn 2vmlvln nm _ 2Umlvlnvnm
Enl€S €nl€s . Enl€S . Enl€S
b b ,c ,a b ,.c ,a c b ,a
) nlvlmvmn UntVimYmn Ui VinYnm Ui VinYnm
Elm €S m, ElmES €lmESm ElmEDm
2
a,c ,b a,b c c ,a,b b a ,c
2 (Unlvlmvmn + UniVimVmn + Ui VinUnm + /Uml/Ulnvnm>
EnmEmi€in
2

b b b b
) (U;Lnlvlcnvnm + UlerUzlnLvmn + Ugnlvlnvfzm + ’Unlvlamvfnn>:|
€Enm€ml€in
Next, we reclassify these multiband contributions according to their matrix element products, appropriately inter-
changing the dummy indices m <> | where necessary. Upon summing the coefficients of these matrix products, we find
that the total multiband contribution vanishes identically.

1, 1 1 2 2 1 1
_ a b c a ,.c b
M = §anlfn (2’Ulmvmnvnl +2vlmvmnvnl)( 2 92 2 2 3 - 73 2 2 )
€rm€nm €lmEnl €mEin €Eni€nm EnmEmi€in En1€lmEmn
2 4 2 2 2
a,b c a ,c b a ,b c a, c ,b
+ (vlnvnmvml + UinVUnmYmi + UniVimYmn + vnlvlmvmn)( ) - 3 + 3 - 73 ) >i|
€ 1€nm € 1€nm € 1€nm €,16ml €EnmEmi€in
=0
(F-22)

The vanishing of M signifies that multiband effects do not introduce any contributions to the final response. This is
consistent with the case of the rectified current. Consequently, TOSHG reduces to a combination of two-band terms:

TSHG TSHG TSHG two-band

0,2+3
1 fn c c c c c
= 752;17n37[6ﬂ(1n‘4nm) Unm mn +a (lnAb ) Unm mn +a (lnAmn) Umn nm +3 (lnAb ) UmnVUnm
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+ 28 (IH Aa )U?nn nm + 28 (IH Aa ) gmvmn + 285(111 Agnn) Tann nm + 281?(111 Aa )vnmvmn (F_23)
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By invoking the Feynman—Hellmann identity, this expression can be further transformed into:

€nm €nm €nm (F—24)

1
e =l [
1 1 1
(AfbmAl;nn + AZTJLmAC )a (7) (A'raLmAgrm + AfLm mn)ab( ) (A'raLmAfnn + A?LmA?rm)a (7)
Enm nm Enm

Finally, we observe that these partial derivatives can be reorganized into the form of total derivatives of the band-
renormalized quantum metric:

TEHC = =3 £,(20:.G%° + 20,G2° — 0 GL°) (F-25)
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4. Transformation and Final Expressions

Upon evaluating the low-frequency SHG conductivity, several intermediate terms appear formally distinct from
those of the rectified conductivity. However, once summarized and categorized using a similar scheme, low-frequency
SHG and rectified conductivities are revealed to be identical. Here we employ IBP to simplify the expressions.

A. Kinetic Contribution

The total intrinsic kinetic contribution is USZiG Kin 7 4 Ty, For Ty, we utilize the relation 40,0.6,00€n =
—20,(0p€r0c€r) + 20y (00€r0c€n) + 20:(0a€rOp€yn) and perform IBP:

1
TG = 3 1 [aaacenaben 0, 0penDotr + 4abacenaaen]

F-26)
1 3 (
- 2 % 4| Z f(3 |: (abenacen) + Qab(aaenacen) + 28C(aa€nab€n):| —)IBP 2 » 4' an7§4)vzvzvz
Summing these contributions, we arrive at the final expression:
SHGikin _ L c p(4) 3 (4)
O abe - 4! Un, nvnf + 2 % 4|Z f ’U U
1 ' (F-27)
= — @ ) = 2f(4)
48 UpUpUntn s n 0,n
B. Geometric Contribution
The rest of intrinsic contribution is geometric US&G;geO =T, + Ty + Tp. By performing integration by parts (IBP)
n TOSHG, we can recast it into a form analogous to T7:
TG 03, £ (2unGet + 200650 — viGhe) (F-28)
Likewise, performing IBP on T5 yields:
1
TN Y, 1 dugs (F-29)
Summing these three components, we obtain the total geometric contribution:
oSO = LS D0uglt — S f0 [0 0 Gt + gl ] + T A0 et + 2005 — i Gl)
(F-30)

) be
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Appendix G: Non-equivalence of the Fermionic Bath Model to the RTA /IFR Framework

Although our results of the I'Y nonlinear conductivity for the wide-band fermionic bath share certain characteristics
with the RTA/IFR framework, the discrepancies in coefficients and the emergence of extra contributions demonstrate
that the two approaches are inherently non-equivalent. To substantiate this, we show that reducing our exactly solvable
model to the phenomenological RTA/IFR form requires exceptionally crude approximations.

First, we derive the exact equation of motion for the reduced density matrix. Following the approach by Matsyshyn
et al. [17], when considering a fermionic bath, the reduced density matrix can be expressed in the following form:

=2 foley) [ ) (WA 0) (G-1)

where |17 (t)) is the component within the system Hilbert space evolving from the initial state of the fermionic bath
|¢n,;). The exact equation of motion for |7 (t)) is given by:

(0 |5, () = [Hs(t) — 0] [, (t)) + Aexp[—ie; (t — to)] [xn) - (G-2)
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The above equation is a simple non-Hermitian open-system Schrodinger equation, in which the system Hamiltonian
is dressed by a constant imaginary part “—:iI"” which captures the decay into the bath. However, we see that the
bath is not only to induce decay, but also produces the source term A exp[—ie;(t — to)] |x») that makes the equation
inhomogeneous. The balance of decay and source term is what allows the existence of nontrivial non-equilibrium
steady state.

From this, we derive the equation of motion for the reduced density matrix:

iDhps(t —ZZfo e [(at () ) wa )]+ [eh0) (9 Wi o) )]

—Zfo ) [(HIs(t) = iT) [04,(6)) (W (0)] + Aexpl—iz (¢ = to)] [xa) (4, (0)]
- Z Fole) [0) (O] (Hs () + ) + Aexpli (¢ — t0)] (1) (x| (6-3)

= [Hs(0), ps(t)] — 2Tps () + A fo(e;) [ expl—ie; (¢ — to)] Pxn) (3 (1)] — c.

n,J

=[Hs (), ps(t)] - 2i0ps(t) + Sl (t)]

Again we see a source term S[t) (t)] that makes the equation inhomogeneous. We examine the source term S[¢7 (¢)].
To force this exact dynamic equation to reduce to the standard RTA /TFR form, one needs to apply two approximations:

First, one needs to apply a static Hamiltonian approximation to the source term. Specifically, one must artificially
freeze the system Hamiltonian within the equations of motion, enforcing Hg(t) — Hg(0). This entirely discards the
dynamic dressing of the states by the driving field. Under this assumption, a direct calculation yields:

[d (1)) = —76—@“1&%0) Ixtn) (G-4)

2 o0 22T 0 j—w
0= 3 ) s o ol = 3 st " )

_ > dw r
= QZFZ [m beo(wb)m IXn) (Xnl

(G-5)

Here, we have employed the assumption of a featureless fermionic bath, characterized by the spectral density
vp =, 2m6(e; — wp), along with the definition of the relaxation rate I = Nvg /2.

Second, one needs to further perform a relaxzation rate truncation. By expanding the dissipation parameter around
I' = 0 and strictly retaining only the first-order term, one effectively replaces the exact Lorentzian spectral broadening
with a Dirac delta function:

d T
¢J = QZFZ/ ﬂfo (wp) m IXn) (Xnl

(G-6)
= 2T folen) [Xn) (xn| + O(T?) = 2iTpy + O(T?)

We observe that S[7(t)] reduces to 2il'py + O(I'?), which is proportional to the density matrix of the fermionic
system at equilibrium when all higher-order I' contributions are ignored. These higher-order contributions can be
systematically extracted by expressing the integral as a convolution and expanding its Fourier-space representation via
the Taylor series of e TI¥l:

dwy r _ 1 7 (1N iken —T|K| )
[ v i = g [ R (7

Applying these two approximations reduces the source term to S[¢? (t)] ~ 2i['py. Defining the relaxation time
7 = (2I')71, the equation of motion for the reduced density matrix simplifies to the phenomenological RTA form:

Bups(t) = —ilHs(t), ps()] — L5 =0 (G-8)

T
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This reproduces the quantum Liouville equation used by RTA/IFR framework [39]. However, as previously discussed,
these approximations are crude for nonlinear transport. The first approximation artificially deletes all Floquet
information at finite AC frequencies, while the second truncation ignores all higher-order O(I'?) contributions generated
by the drive and the bath. Consequently, our exact Markovian fermionic bath model cannot be reduced to the RTA/IFR
framework which is often employed to describe impurity scatterings without discarding the specific mechanisms that
actively shape the observable intrinsic conductivity.



