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The theory of the intrinsic nonlinear Hall effect, a key probe of quantum geometry, is plagued by
conflicting expressions for the conductivity that is independent of the dissipation strength (rate, Γ0). We
clarify the origin of this ambiguity by demonstrating that the “intrinsic” response is not universal, but is
inextricably linked to how the dissipation mechanism shapes the nonequilibrium steady state (NESS)
density matrix. We establish a benchmark by solving the exact NESS density matrix for a generic Bloch
system coupled to a featureless fermionic bath. Our exact Γ0 conductivity decomposes into two parts: (i) a
geometric contribution, σgeo, which establishes the definitive structure of the quantum metric contribution
(including the intraband ∼∂kg term), clarifying inconsistencies in the literature, and (ii) a novel, purely

kinetic contribution, σkin ∝ v3fð4Þ0 , arising from mechanism-specific modifications to the occupation
functions, which is absent in approaches that postulate, rather than derive, the relaxation dynamics. The
discrepancies in both σgeo and σkin between these distinct physical mechanisms prove that the Γ0 nonlinear
conductivity is not a unique property of the Bloch Hamiltonian, but is contingent on the physical system-
bath coupling.
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Introduction—Linear response theory establishes a pro-
found connection between transport phenomena and the
properties of the thermodynamic equilibrium state, which
are insensitive to the specific nature of the environment, as
exemplified by the relationship between the intrinsic
anomalous Hall effect and the Berry curvature [1–7].
This paradigm, however, breaks down in the nonlinear
regime. DC nonlinear responses are governed not by
equilibrium properties, but by the nonequilibrium steady
state (NESS). The structure of the NESS, i.e., the non-
equilibrium density matrix, emerges from a delicate bal-
ance between the external drive and dissipation.
Importantly, we must distinguish between the mecha-

nism of dissipation (the microscopic nature of the system-
environment coupling, e.g., metallic backgate, phonons, or
disorder statistics) and the strength of dissipation (the
phenomenological rate, Γ). The mechanism determines
the analytical structure of the NESS density matrix (e.g.,
how occupation functions are modified) [8–20], and is
therefore central, not peripheral, to the resulting nonlinear
transport.
Recent years have witnessed intense theoretical efforts to

interpret nonlinear transport through the lens of quantum
geometry [21–56]. Many of these efforts aim to identify
“intrinsic” contributions, which are independent of dissipa-
tion strength (Γ0) and are characterized by the quantum
metric [1,2,7,21,22,25,30,35,38,53,54]. Despite significant

progress, the field is plagued by inconsistencies. Different
theoretical frameworks, including semiclassical wave-packet
dynamics [23,33,34,51], quantum kinetics or Green’s func-
tion methods [26–28,31,32,36,37,39,40,46,47,50,52], yield
conflicting expressions for these “intrinsic” conductivities.
We argue that these inconsistencies expose a fundamen-

tal physical misconception. The implicit assumption that
the Γ0 conductivity is universal, defined solely by the
system Hamiltonian, is flawed. The NESS, which governs
DC transport, is inextricably linked to the specific physical
mechanism of dissipation (Fig. 1). The analytical structure

FIG. 1. Nonuniversality of the Γ0 nonlinear conductivity. The
non-equilibrium density matrix governing DC transport depends
on the specific dissipation mechanism, leading to mechanism-
dependent “intrinsic” ðΓ0Þ conductivities. Illustrated environ-
ments mediating relaxation: ðΓAÞ fermionic bath (e.g., metallic
backgate); ðΓBÞ electron-phonon interactions; ðΓCÞ static disor-
der; ðΓDÞ radiative processes.

*Contact author: likun.shi@zju.edu.cn
†Contact author: kchang@zju.edu.cn

PHYSICAL REVIEW LETTERS 136, 206303 (2026)
Editors' Suggestion

0031-9007=26=136(20)=206303(7) 206303-1 © 2026 American Physical Society

https://orcid.org/0000-0002-5967-323X
https://ror.org/00a2xv884
https://crossmark.crossref.org/dialog/?doi=10.1103/rbck-mt1k&domain=pdf&date_stamp=2026-05-18
https://doi.org/10.1103/rbck-mt1k
https://doi.org/10.1103/rbck-mt1k


of the nonequilibrium density matrix, imposed by the
mechanism dictates the precise procedure for taking the
DC limit (ω → 0) followed by the Γ expansion.
The reliance on phenomenological treatments in the

literature obscures this fundamental dependence. Methods
such as relaxation time approximations (RTAs) and imagi-
nary frequency regularizations (IFRs) do not derive the
analytical structure of the nonequilibrium density matrix
from microscopic principles; instead, they impose it via
ad hoc assumptions (e.g., regarding how occupations relax).
The resulting Γ0 conductivity therefore depends on these
choices. For instance, RTA implementations differ on the
postulated physical target state for relaxation: some assume
relaxation towards the equilibrium distribution of the
unperturbed Hamiltonian, f0ðϵÞ [47], while others assume
relaxation toward a quasiequilibrium state defined by the
field-modified energy (e.g., incorporating the Stark shift),
f0ðϵ̃Þ [23,51].
Further ambiguity arises in the regularization procedure

required for the DC limit; e.g., there is no consensus on
whether the regularization factor should remain constant,
iΓ [31,32], or depend on the order of the perturbation, iNΓ
[39,46,47,50], sometimes rationalized as a mathematical
device for adiabatic switching. These technical differences
change how divergences are regularized when taking the
ω → 0 followed by Γ expansions. This proliferation of
approaches, based on distinct phenomenological assump-
tions, leads to the conflicting expressions summarized in
Table I (varying c1=c2), underscoring the inadequacy of
theories that do not specify the physical dissipation
mechanism.
In this Letter, we provide a theoretical benchmark by

analyzing a concrete, microscopically defined open quan-
tum system: a crystalline electronic system coupled to a
wide-band fermionic bath. While idealized, this model
allows for a controlled derivation of the NESS, capturing

the essential physics of particle exchange with a
Markovian fermionic environment (e.g., metallic back
gate) [17,19,20,41,57–59] and providing a necessary con-
trast to idealized phenomenological models.
Our analysis yields the definitive second-order conduc-

tivity σabc for this specific mechanism. We find that the Γ0

contribution contains not only a specific form of the
quantum metric contribution, comprising both interband
and intraband (derivative) terms, but also a novel, Γ0 kinetic
term proportional to the fourth derivative of the Fermi

function, fð4Þ0 . The specific analytical form of the geometric
term and the appearance of the kinetic term demonstrate
that the structure of the Γ0 nonlinear conductivity is
nonuniversal and depends on the nature of the system-bath
coupling.
Microscopic open-system formalism—To avoid the

ambiguities inherent in phenomenological treatments of
dissipation, we analyze a concrete open quantum system
where the regularization of the NESS is microscopically
determined, rather than postulated. The total Hamiltonian
we consider is HðtÞ ¼ HSðtÞ þHB þHSB. The system,
HSðtÞ, describes Bloch electrons driven by a spatially
uniform electric field EðtÞ. We employ the velocity gauge,
incorporating the drive via the Peierls substitution
(setting e ¼ ℏ ¼ 1) HSðtÞ ¼ H0½k −AðtÞ�, where H0 ¼
hmnðkÞjχmihχnj is the unperturbed Bloch Hamiltonian with
eigenstates jχni (incorporating both momentum and band
indices) and EðtÞ ¼ −∂tAðtÞ. The environment is modeled
as a fermionic bath [17,41,57,59]. We adopt the bath
Hamiltonian HB ¼ P

n;j ϵjjφn;jihφn;jj and the system-bath
tunnel coupling HSB ¼ λ

P
n;jðjχnihφn;jj þ H:c:Þ. This

Bloch eigenstate coupling structure describes a translation-
ally invariant interaction, enforced by momentum conser-
vation when the system couples uniformly to the bath.
This model is physically motivated by van der Waals

TABLE I. Comparison of the “intrinsic” (Γ0) contributions to the second-order DC conductivity σð0Þabc ¼ σgeoabc þ σkinabc derived from
different theoretical approaches and the dissipation mechanisms they implicitly or explicitly model. The discrepancies in both σgeoabc

(varying coefficients c1=c2 and the intraband term ∂agbcn ) and σkinabc between the distinct dissipation mechanisms demonstrate the non-
universality of the Γ0 response. Here, gabn (Gab

n ) is the (energy normalized) quantum metric for band n, van is the band velocity, f00;n and

fð4Þ0;n are the first and fourth derivatives of the equilibrium Fermi-Dirac distribution f0. Different conventions for symmetrizing σabc (or
electron charge) can lead to an overall factor of 2 (or −1) difference.

Methods Dissipation mechanism Γ0 Geometric σgeoabc Γ0 Kinetic σkinabc

Wavepacket or Liouville dynamics
with RTAs or IFRs
(e.g., Refs. [23,39,47,51])

Phenomenological
c1=c2 varies depending
on different assumptions

P
n;k

h
c1ðGab

n vcn þ Gac
n vbnÞ − c2Gbc

n van
i
f00;n

0

Green’s function [52] Constant-Γ
self-energy

P
n;k

h
ðGab

n vcn þ Gac
n vbn − 2Gbc

n vanÞ − ð∂agbcn =2Þ
i
f00;n

0

Open-system Schrödinger
equation (this work)

Microscopic:
fermionic bath

P
n;k

h
ðGab

n vcn þ Gac
n vbn − 2Gbc

n vanÞ − ð∂agbcn =2Þ
i
2f00;n

P
n;kðvanvbnvcnÞðfð4Þ0;n=24Þ
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heterostructures; for instance, when a 2D electronic system
couples uniformly to a metallic backgate (e.g., graphite) via
an ultrathin tunnel barrier (e.g., ∼2 nm hBN). This model
provides an elementary theoretical benchmark, distinct
from spatially localized coupling (e.g., contacts at system
edges), and enables a direct comparison with translationally
invariant phenomenological models and a clear formulation
of transport theory in terms of momentum-space quantum
geometry.
The bath is initialized in thermal equilibrium character-

ized by the Fermi-Dirac distribution f0ðϵÞ¼½eβðϵ−μÞþ1�−1
with 1=β the bath temperature and μ the bath chemical
potential. We employ the wideband approximation, treating
the bath’s density of states as featureless; i.e., νBðωÞ ¼ ν0.
This model is in the same class of those noninteracting
fermionic models often described within the Keldysh formal-
ism [26,59–64], and captures the essential physics of a
Markovian environment and yields a well-defined, energy-
independent relaxation rate Γ ¼ λ2ν0=2.
The dynamics of the system’s reduced density matrix,

ρSðtÞ, are determined by tracing out the bath degrees of
freedom [19,41]. To extract the nonlinear conductivity, we
expand the system’s reduced density matrix perturbatively
with respect to the driving ρSðtÞ ¼ ρð0Þ þ ρð1ÞðtÞþ
ρð2ÞðtÞ þOðV3Þ, where VðtÞ ¼ HSðtÞ −H0. The micro-
scopic derivation yields exact expressions for the response
kernels (detailed in Supplemental Material [65]). Their
analytical structure differ significantly from those obtained
via RTAs or IFRs.
Crucially, this specific structure determines how the

fermionic bath regularizes divergences when taking the
DC (ω → 0) limit followed by Γ expansion. In RTAs, DC
corrections to the distribution function typically diverge as
powers of 1=Γ. In contrast, the fermionic bath regulariza-
tion leads to finite, Γ0 corrections to the NESS occupation
functions even in the clean limit. This distinction highlights
a fundamental principle: the precise analytical form of these
Γ-independent corrections is inherently determined by the
physical dissipation mechanism. It is this mechanism-
specific structure of the NESS in the clean limit that
constitutes the origin of the nonuniversal Γ0 conduc-
tivity [19,20].
The DC nonlinear conductivity—By applying the micro-

scopic formalism to a generic multiband system coupled to
the fermionic bath, we compute the second-order DC
conductivity σabc [65]. This result is derived directly from
the exact NESS density matrix, obtained by solving the
open-system dynamics without resorting to phenomeno-
logical regularizations. This microscopic derivation yields
the precise analytical structure of the NESS, which dictates
the subsequent expansion of the resulting conductivity by
powers of 1=Γ:

σabc ¼
1

Γ2
σð−2Þabc þ 1

Γ
σð−1Þabc þ σð0Þabc þOðΓÞ: ð1Þ

We present the results using the Fermi-Dirac distribution

derivatives fðkÞ0;n ¼ ∂
kf0ðϵÞ=∂ϵkjϵn (with f00;n ≡ fð1Þ0;n follow-

ing literature conventions), along with the conventional
definition of the quantum metric gabn ¼ P

m≠n Re½Aa
nmAb

mn�
[21,22], and Berry curvature Ωn

ab ¼ −2
P

m≠n Im½Aa
nmAb

mn�
[1,2], where Aa

nm ¼ hnji∂ajmi represents the Berry con-
nection and ∂a ≡ ∂=∂ka.
(1) Γ-dependent contributions ðΓ−2;Γ−1Þ: the leading

divergence, σð−2Þabc , corresponds to the nonlinear Drude
response,

σð−2Þabc ¼ −
1

4

X
n;k

∂aðvbnvcnÞf00;n; ð2Þ

while the OðΓ−1Þ term corresponds to the nonlinear Hall
effect (NAHE), related to the Berry curvature Ωn

ab,

σð−1Þabc ¼ 1

2

X
n;k

ðvcnΩn
ab þ vbnΩn

acÞf00;n: ð3Þ

This recovers the well-known expression for the Berry
curvature dipole (BCD) contribution [24,29,41], serving as
a validation of the formalism.
(2) Γ0 contributions: the Γ-independent term, σð0Þabc, is the

central result of this work and the focus of discrepancies in
the literature. The open-system formalism reveals a decom-
position into distinct kinetic and geometric components:

σð0Þabc ¼ σkinabc þ σgeoabc: ð4Þ
First, we identify a novel purely kinetic contribution:

σkinabc ¼
X
n;k

1

24
vanvbnvcnf

ð4Þ
0;n: ð5Þ

This term represents a Γ-independent, ballistic nonlinear
response. Its emergence is a direct consequence of the
specific NESS regularization imposed by the fermionic
bath, which leads to finite, Γ0 corrections to the NESS
occupation functions persisting in the clean limit (Γ → 0).
These corrections manifest analytically through high-order
Polygamma functions [65], which generate the high-order

energy derivative fð4Þ0 , even in single-band models without
Berry phases [17]. This regularization is physically distinct
from that of RTAs, explaining why σkinabc is absent in those
models.Thiscontribution ismaximizedat lowtemperaturesor
when sharp band structure features exist near the Fermi level.
Second, we obtain the contributions arising from the

quantum geometry:

σgeoabc¼
X
n;k

�
ðGab

n vcnþGac
n vbn−2Gbc

n vanÞ−
∂agbcn
2

�
2f00;n: ð6Þ

This expression provides the definitive quantum metric
contribution for a system coupled to the featureless
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fermionic bath. It separates into two physically distinct
parts, both originating from field-induced geometric shifts
of the electron wave packets. The first term represents the
energy-normalized interband quantum metric Gab

n ≡P
m≠n Re½Aa

nmAb
mn�=ðϵn − ϵmÞ [23,39,47]. The second term,

−∂agbc=2 is the intraband quantum metric contribution
[52]. Physically, it describes the contribution to the current
arising from the deformation of the wave packet charac-
terized by the metric gbc, which quantifies the wave
packet’s spatial spread. It emerges explicitly when geo-
metric contributions involving f00 are transformed to the
Fermi surface (f0) via integration by parts [65].
The results summarized in Eqs. (5) and (6) provide the

definitive analytical proof that the Γ0 conductivity is
nonuniversal. Both the kinetic contribution σkinabc and the
specific structure of σgeoabc, including the intraband term
ð−∂agbc=2Þ and the exact prefactors of the interband
terms, are characteristic of the fermionic bath. The
discrepancies with RTA models, which exhibit varying
geometric prefactors and lack the kinetic term (Table I),

demonstrate that σð0Þabc cannot be viewed as a property of
the isolated system.
Illustrative model calculation—To demonstrate our cen-

tral findings, the nonuniversality of σð0Þabc and the physical
significance of the novel kinetic term σkinabc, we apply our
microscopic formalism to a concrete lattice model [51]. We
consider a 2D PT -symmetric metal on a square lattice
(lattice constant a) described by the 4 × 4 tight-binding
Hamiltonian

HðkÞ ¼ vτx½sinðkxaÞσx þ sinðkyaÞσy� þMðkÞτz; ð7Þ

where MðkÞ ¼ mþ b½cosðkxaÞ þ cosðkyaÞ� þ t sinðkxaÞ.
This Hamiltonian is invariant under the combined anti-
unitary symmetry PT (with P ¼ τz, T ¼ iσyK) but
explicitly breaks both the inversion symmetry P and the
time-reversal symmetry T via the t sinðkxaÞ term, making it
an ideal testbed for second-order DC responses without
BCD contributions [23,34].
The Hamiltonian [Eq. (7)] commutes with the symmetry

operator S ¼ τzσz. This allows for a unitary transformation
that separates HðkÞ into the S ¼ �1 eigenspaces, yielding
the block-diagonal form

H0ðkÞ¼
�
hðkÞ 0

0 h�ðkÞ

�
; hðkÞ¼

�
Mk v−
vþ −Mk

�
; ð8Þ

with v� ¼ v½sinðkxaÞ � i sinðkyaÞ�. This structure simpli-
fies the analysis by reducing the original 4 × 4 Hamiltonian
to two copies of two-band system. We numerically evaluate
the two competing Γ0 contributions for this model: the
novel kinetic term σkinxyy [Eq. (5)] and the geometric term
σgeoxyy [Eq. (6)]. The results are presented in Fig. 2.

Figure 2(a) compares the chemical potential (μ) depend-
ence of σkinxyy and σgeoxyy for fixed model parameters. The
geometric term, scaling as ∼f00, is a Fermi surface con-
tribution that peaks near the band edges. The kinetic term,

σkinxyy ∝ fð4Þ0 , exhibits a more complex, oscillatory depend-
ence on μ. Due to the high-order derivative, σkinxyy is strongly
sensitive to the sharpness of the band features near the
Fermi level and is enhanced at low temperatures.
Figure 2(b) maps the ratio of the two contributions,

jσkinxyy=σgeoxyyj, as a function of the tilt parameter t and chemical
potential μ. This demonstrates that σkinxyy is not merely a minor
correction; it becomes comparable to, or even dominant over,
the geometric term across large regions of the parameter
space, particularly where the band curvature is significant.
This calculation demonstrates the quantitative signifi-

cance of the mechanism-dependent kinetic term. While
theories based on RTAs predict a purely geometric Γ0

response (see Table I), the open-system analysis shows that
the fermionic bath establishes an NESS where σkinabc is a
necessary and often comparable component of the total
conductivity.
Discussion and conclusion—We have established that

the “intrinsic” Γ0 nonlinear conductivity depends on the
dissipation mechanism. By analyzing a Bloch system
coupled to a microscopic fermionic bath, we derived an
exact result for the second-order DC conductivity, σabc,
providing two key insights.
First, we clarified the structure of the Γ0 geometric

contribution, σgeoabc [Eq. (6)], confirming the presence of

FIG. 2. Competition between Γ0 geometric and kinetic non-
linear conductivity in the PT -symmetric model [Eq. (7)].
(a) Calculated Γ0 contributions σgeoxyy (blue dashed) and σkinxyy

(red dotted), along with the total Γ0 response σð0Þxyy (black solid),
as a function of chemical potential μ. The kinetic term is
comparable in magnitude to the geometric term. [Parameters
used: b=v ¼ 1, m=v ¼ −3.9, t=v ¼ 0.9, β=v ¼ 100; character-
istic second order conductivity σ2 ¼ aðℏ=vÞ · e3=ℏ2]. (b) Color
map of the ratio jσkinxyy=σ

geo
xyyj as a function of tilt parameter t and

chemical potential μ. The kinetic term [Eq. (5)] dominates (red
regions) over the geometric term [Eq. (6)] in significant portions
of the parameter space, underscoring its non-negligible role in the
Γ0 nonlinear response when the system is coupled to a fermionic
bath.
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both intraband ð∼∂agbcÞ and specific interband QMD
terms. This result agrees with constant-Γ Green’s function
formalisms [52], suggesting σgeoabc may be characteristic for
idealized Markovian models. The contrast with the con-
flicting results from RTA-based theories [39,47,51] evi-
dences that the dissipation mechanism shapes the quantum
geometric response.
Second, we uncovered a novel, Γ0 kinetic contribution,

σkinabc ∼ v3fð4Þ0 [Eq. (5)]. This term emerges from the specific
way the fermionic bath modifies the electronic occupation
functions, which persists even in the clean limit. The
emergence of σkinabc as a finite, mechanism-specific response,
distinct from simplified phenomenological models, eviden-
ces this dependence. In fact, this dependence on the
dissipation mechanism extends beyond DC responses
and quantum geometry. For example, analysis of AC-
driven Floquet systems shows that the rectification current
differs when coupled to a bosonic versus a fermionic bath,
even in a single Bloch band without quantum geometry and
in the weak-coupling limit [20].
Our open-system formulation of the dissipation-shaped

NESS offers a new perspective on recent experiments
and theories regarding the nonlinear responses in PT sym-
metric antiferromagnets, specifically even-layeredMnBi2Te4
[42,43,45]. These experiments extracted a Γ-independent
intercept via scaling laws, operationally defining it as the
intrinsic nonlinear response. However, Wang et al. [42]
measured a finite longitudinal response in pristine devices
on bare substrates, while Gao et al. [43,45] reported a
predominantly transverse response using encapsulated van
der Waals heterostructures. Our findings offer a physical
approach to reconcile these distinct observations by examin-
ingboth the tensor structureof the responseandtheunderlying
dissipation mechanisms.
Analytically, the geometric response is not strictly

restricted to be transverse. Within phenomenological RTA
models [51,53], the longitudinal geometric response
vanishes due to the strict cancellation ðGaava þGaava−
2Gaava ¼ 0Þ. However, in agreement with Ulrich et al.
[52], our geometric response shaped by the fermionic bath
contains an intraband quantum metric term, −∂agbc=2
[Eq. (6)]. Because this yields a nonzero term for the longi-
tudinal direction ð−∂agaa=2Þ, it demonstrates that an intrinsic
longitudinal geometric response is physically allowed.
This emergence of the intraband metric term is just one

manifestation of a broader principle: the operationally
extracted Γ0 nonlinear response is not a universal band
structure property, but is actively shaped by the specific
dissipation mechanism. Extending beyond the geometric
tensor structure, solving the exact dynamics for a system
coupled to a wide-band fermionic bath shows the resulting
nonlinear dc conductivity also includes a kinetic contribu-
tion [Eq. (5)]. Because the aforementioned experiments
utilized different architectures, ranging from bare substrates
[42] to encapsulated heterostructures [43,45], the electrons

coupled to distinct baths. Consequently, the variations in
the extracted longitudinal-to-transverse ratios are physi-
cally expected: different dissipation mechanisms drive the
system to distinct NESS, thereby generating different
observable nonlinear transport signatures.
This principle of nonuniversality also clarifies ongoing

theoretical efforts to define the intrinsic nonlinear current
[53,54]. Specifically, Xiao et al. [53] demonstrated that a
DC electric field shifts the local wavepacket energy, driving
the system to a modified steady-state distribution. We
support this overall physical picture but emphasize that
the precise distribution is nonuniversal. Separately, Resta
[54] formulated the geometric positional shift within an
exact many-body framework for an isolated system.
Moving beyond this coherent limit, our approach empha-
sizes the importance of specific dissipation mechanisms in
actively shaping the observable steady-state DC response.
This work reframes the understanding of “intrinsic”

nonlinear response, emphasizing a departure from the
linear response paradigm. The environment is not merely
parameterized by Γ; the specific dissipation mechanism
actively shapes the nonequilibrium steady state density
matrix, determining the precise occupation functions and
coherences, and consequently, the observable conductivity.
The resulting nonuniversality indicates that a single,
universal expression for the “intrinsic” conductivity is
untenable. By showing that quantum geometry in nonlinear
transport is shaped by dissipation, this work invites inves-
tigation into how specific, experimentally relevant physical
environments influence nonlinear transport signatures.
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