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Supplementary Note 1: Effective gauge field in spin-orbit coupled systems

In the spin-orbit coupled system, adopting the Born-Oppenheimer approximation, the total Hamiltonian can be
divided into two parts:

H(k,,6) = How(k, #) + Hy_o(k, &),

where Ho,(k, #) stands for the intra-band (slow) orbital motion part, and Hs_,(k, &) is the inter-band (fast) spin-

orbit part. For a given eigenvalue k of the momentum operator k, the eigenstates of the spin-orbit part is denoted
by |n(k)) (n =1,2,---) and the corresponding eigenenergies are €, (k). We work in the momentum representation of

the orbital part and expand the eigenstate of H(k,,&) in this representation, |¥(k)) = (k|¥), as
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In the momentum representation, we have # = iV) and k = k. Substituting into H(k, ,&)|¥(k)) = E|¥(k)), we
have

Z an,n(k)¢n(k) = E(Z)m(k)’

where

nem(k) + <an(k)|ﬁorb(kv )[xn(k))
nem( )+ ﬁorb(kv F— Am,n(k))

Hyp o (k)

Om
Om

contains a pure gauge A, (k) = —i(xm (k)| Vk|xn(k)). By now the above equation is still exact. Now we make the
Born-Oppenheimer approximation and consider adiabatic transport, i.e., neglect the off-diagonal coupling between
different spin-orbit energy bands, to arrive at the single-band description

Hy,(k, #,)pn (k) = E¢n(k),
where the effective single-band Hamiltonian on the orbital motion
Hy(k, %) = en(k) + Hom (k. 7,),
=1, — A, (k) contains an effective gauge field for the slow orbital motion:
An(k) = =i (xn(K)| Vi [xn (K)) -

Specifically, for the BHZ model of 2D TTs in the presence of an in-plane uniform electric field, the slow orbital part
is

=/
where ¥,

Hop(k,#) = C — Dk? — ¢E -1,

and the fast spin-orbital part is
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and
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where s, = £1 for spin-up/down block, and ¢, = 1 for the electron in conduction/valence band (n = 1,2,3,4). The
effective vector potential leads to the non-trivial effective gauge field with the strength
Foyn(k) =il2',y'] = i[iOk, — Ag,i0k, — Ay]
A%(M + Bk?)
"2[A2%2 + (M — Bk2)2]3/2’
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where A, = s, X t, = £1 (n = 1,2,3,4). Within the Born-Oppenheimer approximation, the equation of motion for
the n-th band can be written as
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Yn = hok, Fwy,n(k)kwv

ki = eEi/h,

we can see that the gauge field strength F, ,, = (Vi X A), acts as a Lorentz force in the k-space, acting on spin-up
and spin-down electrons in opposite directions, which is perpendicular to electron momentum.

Supplementary Note 2: Effective Hamiltonian reduced numerically from the eight-band Kane model

At the T" point, the wave functions in the eight-band k - p Hamiltonian are

Fﬁ; (2) FIZ; (2) Flim; (2)
F2<1> =) F2<2> =) i >(z)
F3 (Z) ik T F3 (Z) ik )T F3m (Z) ik )T
'(/}1 — Fél) (Z) errr/ 71/)2 — Ff) (Z) et/ oLl ,'(/Jm — F4(m) (Z) e'f//
. 2. ml
FV (2) FP (2) F™ (2)

which can be obtained by solving the secular equation H, éox)swm = EnYm.
Considering the two lowest electron subbands, we obtain the effective two-dimensional Hamiltonian by averaging

the z component in the Hamiltonian
Her(ky) = (¥ (2)|H[¥(2)),
where the matrix element of the Hamiltonian is

(Hett) = (0| Haxs [0)
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The Hamiltonian can be divided into
H=H®O +H,

H (q, k) = a(q) + () k. +7(a) k2.

Then we have

The contribution of the subbands other than the two lowest electron subbands should also be considered in the
reducing process, which can be done by using Lowdin perturbation theory. We include the lowest 20 electron subbands
and 54 highest hole subbands in the QW respectively and divide them into the weakly coupled subsets S; and Ss.
The set S includes the two lowest electron subbands |x1) and |yx2), the other subbands are included in the set Ss.
The Hamiltonian is reduced into set S; using the Lowdin perturbation method,
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where the indices m correspond to states in the set A, the indices [ correspond to states in the set B, and

Hyy = (| H' [t1) -

Finally we obtain the effective two-dimensional Hamiltonian in the basis |x1,71), [x2,4), |X1,4)s [x2, T):

Ey+ Bk Ak 0 0
i _ Ak- Fy+By-k? 0 0
off = 0 0 Ey+By-k Ak ’
0 0 Aky By + By k2

where

E1 = 0.05351eV,

B = 0.86571eV - nm?,

Ey = 0.14396¢V,

By = 0.67969¢V - nm?,
A =0.01041eV - nm.

In order to examine the wvalidity of the 4-band Hamiltonian, we plot the band structure of the
GaAs/In, Ga;_,As/GaAs parabolically graded quantum well calculated by the 4-band model and compare it with
the eight-band k - p model (see Fig. 2a in the manuscript). One can see clearly that the band structure obtained
from the 4-band model [the solid lines in Fig. 2a] is in good agreement with that obtained from the eight-band model
[the dashed lines in Fig. 2a].



